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O6o61eHHoe ypaBHeHHe KypaMoTo—CHBaIIMHCKOTO MCIIOJb3YeTCs IJISl OIMCAaHUS psida HeJIMHEeHHBIX
dusnyeckux npoueccos. Llenbio nTaHHOI pabOTHI SIBJISIETCS MCClIeIOBaHME BIUSIHUS AUCTIEPCUOHHOTO YJie-
Ha 0000111eHHOTO YpaBHeHUsT KypaMoTo—CHBaIlIMHCKOTO Ha XapaKTep IMHAMUKY CUCTeMBI IIPU TPeX pas3-
JIMYHBIX CTETIEHSIX HETMHEWHOCTH. KauyecTBEHHO ONpeAeTuTh PEXUM IMHAMUKU CUCTEMbI MOXKHO TTPU TTO-
MOIIIM pacueTa cTtapiiero nokasaresist JisnyHosa. Eciau crapiimii JISIyHOBCKMI MoKa3aTesb MOJIOXUTe-
JIeH, TO OJM3JiexXallue TPAaeKTOPUM BSKCITOHEHUMAIbHO pPACXOIATCSI W PeXUM OUHAMUKU SIBIISIETCS
XaoTH4yecKuM. U151 HaXxoXXIeHusI cTapliero rokasaresis JIssmyHoBa HE00X0AMMO TpeOyeTcsl KOIUYECTBO pa3
BO3MYIIIATh TPAEKTOPHIO TMHAMWYECKOM CUCTEMBI M HAXOIUTH PACCTOSTHUE MEXKIY BO3MYILIEHHOM 1 HEBO3-
MYIIEHHON TpaeKTopusiMU. UTOOBI cleiaTh 3TO AJISI ypaBHEHUS B YACTHBIX MPOU3BOAHBIX HEOOXOIUMO
CBECTH €ro K KOHEYHOMEPHO# crucTeMe OOBIKHOBEHHBIX Nt depeHIINaTbHBIX YpaBHeHUIA. B manHoI pa-
60Te wis ypaBHeHUsT KypaMoTo—CUBaIIMHCKOTO 3TOT MEePeXo] OCYIIECTBIEH ITPY IMTOMOIIM anpoKCUMa-
LIV IPOCTPAHCTBEHHBIX MPOM3BOIHBIX HA IUCKPETHOM ceTKe. ['paHNYHBIE YCIIOBHS BBIOPAHBI IEPUOANYE-
ckue. s monyyeHHoit cucteMbl OJ1Y mpoBeneH pacyer crapiiero JIsimyHOBCKOIo Imoka3atest Kak QyHK-
LIMM JUCIIEPCUMOHHOIO MapaMmeTpa MpU TpeX CTEIeHsIX HeJIMHEHHOCTH ypaBHeHUus. OOHapyXeHO, 4To
yBen4YeHue 6udypKalMOHHOTO NTapaMeTpa MPUBOAUT K YMEHBIIIEHUIO cTaplilero nokasaress JIsmyHoBa,
a cJie1oBaTe/IbHO U K TTOJABJIEHUIO XaOTUYECKOT0 ABVXKeHUs . [1pu moMoliy Meroaa TMHU IMTOCTPOEHBI 3a-
BUCUMOCTH pellieHUss 060011eHHoro ypaBHeHUus1 KypamoTtooeCUBaIlIMHCKOTO OT MPOCTPAHCTBEHHON U
BPEMEHHOI TTepeMeHHBIX JIJIsI HECKOJIbKO 3HAaYeHU I TUCTIepCUMOHHOTO TTapameTpa. [TonyuyeHHbie rpacduku
WUTIOCTPUPYIOT TIePEX0 OT XaOTUIECKOTO peXXrMa K PETyJISIpHOMY TIPY YBEIWYeHUN OUbYypKaIlMOHHOTO
rnapameTpa.

Karoueesnie crosa: okaszaTellb HHHyHOBa, YpaBHECHUA B YaCTHBLIX ITPON3BOAHBIX, 000011IeHHOE YpaBHECHUEC

Kypamoto—CuBalInHCKOTo
DOI: 10.1134/S2304487X20060073

1. BBEAEHHME

O6o61eHHoe ypaBHeHUe Kypamoro—CuBaliuH-
CKOTO UMeeT BUI

u +u"u, +u, +Pu,, +u,, =0. 1)

Vpasuenwue (1.1) mpu m = 1 u § = 0 GbUIO HE3aBU-
cumo noaydyeHo Kypamoro [1] mjis onucaHust TypOy-
JIECHTHOCTHU B peakuuu bemoycoBa—2KaboTuHcKoro u
CHUBaLLIMHCKUM IS MOJEIUPOBAHUS TepMaJibHbIX
I GY3MOHHBIX  HEYCTOMYMBOCTEM  JIaMHUHAPHOTIO
¢dponTa ropenus [2—4]. Takke 3T0 ypaBHEHE BOZHU-
KaeT TMpU OMMCAHUU Psia HEIMHEHHBIX (PU3NYECKUX
IIPOIIECCOB, TAKMX KaK CTeKaHWE XUIKOCTU C HAKJIOH-
HBIX ITOBEPXHOCTEN [5] 1 BepTUKaIbHBIX KOJIOHH [6].

IIpu m =1 ypaBHeHue (1.1) usyyasocb MHOTUMU
aBTOpaMH C UCIIOJb30BaHUEM KaK aHAJIUTUYECKUX,

TaK ¥ YUCJISHHBIX ITOaXona0B. B padorax [7—9] mpuse-
JIeHbl HEKOTOpble aHanuTUu4deckue pemeHus (1.1). B
pa6ore [10] yMcieHHO U3yYyaeTcsl ClieHapUii epexo-
Jla K Xaocy B u3yyaeMoM ypaBHeHuu ipu § = 0. B [11]
AHAJIUTUYECKU MCCIIeAyeTCsl HeJIMHeliHas yCTOW4un-
BOCTh perieHuii 3agaun Ko ypaBHenus (1.1). Pa-
6ora [12, 13] cogepXuT mocTpoeHne o6udypKaoH-
HBIX AUarpaMM M pacyeT CTaplIux mokasaTeseit JIsa-
nyHoBa AJjisi 00001IeHHOro ypaBHeHUsT Kypamoto—
CHBalIMHCKOIO B IIEPEMEHHBIX OCTYIIECH BOJHBL.

ITpu m # 1 ypaBHeHue (1.1) Takke MpUMeHSIETCS
IUIST MOIEIUPOBAaHUSI HEIMHEMHBIX (UBUIECKUX
npolieccoB. B padote [14] oHO OBLIIO BBIBEACHO IS
ONUCAHUS HEJIMHEHHBIX IJIMHHBLIX BOJIH B BSI3KO-
IaCTUYHOH TpyOe.

JlaHHas paboTa IMoCBsIIeHAa NCCIISTOBAHUIO B -
HUsI TUCTIEPCUOHHOTO WwieHa Bu,,, Ha TMHAMUYeCKue
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Puc. 1. 3aBUCUMOCTBD CTaplIero JIAMyHOBCKOro MoKasaTess ypaBHeHus (1.1) ot 6udypkaunoHHoro napaMerpa 3 npu pasiny-
HBIX CTETICHSIX HETMHEIHOCTU m U pa3Mepax oosactu L.

pexuMmbl ypaBHeHust (1.1). M3ydaemoe ypaBHEHME CKOIl AMHAMMWKU K IIEpUOANIECKON IIPU yBEINICHUN
CBEIIEHO K KOHEYHOMEPHOI1 IMHAMUYECKOIi CUCTEME  rapameTpa f3.

IyTeM aIlpoKCUMAILIM IIPOCTPAHCTBEHHBIX IIPOM3-
BOOHEIX Ha IISITUTOYEYHOM mIabjioHe. PaccuuraH
crapummit JISSITyHOBCKMIA MOKa3aTellb MOTy4YEeHHOM
CUCTEMBI KaK (DyHKIUSA TUCTIEPCUOHHOTO ITapaMeTpa B KauyecTBeHHO omnpeneauTh XapaKTep ABUXKECHUS
ITocTpoeHsl rpaduky pelieHus 3a1a4d Il ypaBHE-  HTUHAMWYECKOI CCTEMBI ITO3BOJISIET PACYET CTAPIIIETO
Hud (1.1), wunocTpupyoiiye nepexon ot xaotude-  1okasarens JlsmyHnosa (CILT). Eciu CITJ nonoxmu-

2. IIOCTAHOBKA 3AJTIAYUA
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Puc. 2. 3aBUCHMOCTD CTapIlIero JSIITyHOBCKOTO MoKa3arelist ypaBHeHUsI (1.1) oT 6udypkanmoHHoro napamerpa [3 mpu pasimd-

HbIX CTEMEHSIX HEJIMHEMHOCTU m U pasMepax obnactu L.

TECJICH, TO MaJIbIC BOBMYIICHU A TPACKTOPUU PCIICHUA
CHUCTEMBI CO BPEMCHEM 3KCITOHCHIIMAJIbHO BO3pacTa-
10T 1 PCXKNM IJTMHAMUKHU ABJIACTCA XaOTHUYCCKUM.

Pacuer crapirero nokasareis JIssiyHoBa mpou3-
BOIUTCS ITyTEM MHOTOKPATHOTO BO3MYILIEHUS TpaekK-
TOPUM PELICHUSI CUCTEMbI Y BEIYMCIICHUS Ha KaXKIOM
1are pacTOSHUS MEXAY BO3MYILEHHON U HEBO3MY-
MIEHHOM TPAcKTOPHUSIMHU pPEIIeHUST CUCTEMBI. YTOOBI

BECTHUK HALIMOHAJIbBHOT'O UCCIENJOBATEJIbCKOI'O SAEPHOI'O YHUBEPCUTETA “MUON”

Haiitu CIIJI ypaBHeHUSI B YaCTHBIX IPOU3BOAHBIX
HEeoO0X0AMMO cHavasa sl GUKCHPOBAHHOTO ¢ TIpe-
BpPaTUTh KPUBYIO u(X, ) B BEKTOP pa3MEPHOCTU L mpu
MOMOIIY alMPOKCUMAIIMU MPOCTPAHCTBEHHBIX MPO-
W3BOJIHBIX YPAaBHEHMS Ha TUCKPETHOU CEeTKE.

CohopmynupyeM 3agadyy IOUHAMUKU CUCTEMBI,
ONMCHIBAEMOM 0000IIIeHHBIM ypaBHeHeM Kypamo-
Ne 6
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Puc. 3. 3aBUCUMOCTBD CTaplIero JIAMyHOBCKOro MoKasaTess ypaBHeHus (1.1) ot 6udypkaunoHHoro napaMerpa 3 npu pasiny-
HBIX CTETIeHSIX HEJIMHEMHOCTU m U pa3Mepax objactu L.

To—CupammHckoro (1.1) Ha npsimoii [0, L]. crionb- Ilepuonnyeckre rpaHUYHBIE YCIOBUS TTO3BOJISIIOT
3yeM HadaJlbHO€ YCJIOBUE B BUJIE MpPEICTaBUTh YypaBHEHME B YaCTHBIX ITPOU3BOAHBIX
KaK OECKOHEYHOMEDPHYIO0 CUCTEMY OOBIKHOBEHHBIX

u(x,0) = sin (nfx) (2.1)  muddepeHManbHBIX YpaBHEHMIT Ha Kosble. Yuc-

JIEHHBIE METOIBI MO3BOJISIOT CAENaTh Pa3MEpPHOCTh
CUCTEMBI KOHEYHOI. B CBSI3U C 3TMM CcBeleM ypaBHe-
u(x,t) = u(x + L,1). (2.2) Hue (1.1) K cucteMe OOBIKHOBEHHBIX AUddepeHIIn-

W IMICPUOINYICCKUEC TPAHNUYHDBIC YCJIOBUA
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aJIbHBIX YPAaBHEHMWI IIyTeM IIpEICTaBJICHUSI IIPO-
CTPaHCTBEHHBIX MMPOU3BOIHBIX UX PA3HOCTHBIMH all-
OpPOKCUMALIUSIMU  HA  TISITUTOYEYHOM  IIHabJIOHE
IUCKpeTHOM ceTku n3 N y370B [15]:

U, = Wy — 8y + By — uy)/12h,
Uy = (<t + 160, = 30u; + 161,y — 1;,,)/121, 2.3)
Upe = (g + 20 = Uy + Uy5)/ 28, .

4
Uppe = Uiy — iy + 6u; — Aty + u0) /10,

rneh=L/N.

IToncranoBka (2.3) B (1.1) mpeBpaTuT ero B CUcTe-
My U3 N CBSI3aHHBIX OOBIKHOBEHHBIX MU DEPEHIIN-
aJIbHBIX ypaBHEHU I

d
f - _%(MNJ — 8uy g + 8y —u3) -
_ ﬁ(_uzv_z +16uy_; —30u; + 161, — u3) -

B

- ﬁ(_uN—z + 22Uy = 2uy +u3) -

- #(UN—Z _41/[1\/_1 + 6141 - 4u2 + U3),

- ﬁ(_uN_l + 16111 - 30’42 + 16113 - U4) -

- %(_u}vl + 2”1 - 2M3 + u4) -

- %(u]\,_1 —4uy + 6u, — 4uy + uy),

du. u;
71‘1 - _E(”i—z = 8uyy + 8upyy — ) —

- ﬁ(— i + 161, —30u; + 161, — 1)) —
— 2£}13(—L1,._2 + 2w = 2u +Uyn) —

- h%(ui72 =4y +6u; —duy tu,), i=3,N -3

duy_, Un_
— = = ———=(Un_ _Su _ +8u = U) —
” 12/1( N—4 N-3 N~ )

- ﬁ(_ul\/_“ + 16UN_3 - 3OUN_2 + 16UN_1 - Lll) -

- 2L:13(_ i 26y = U+ Uyyn) —

- %(”i—Z — Ay + 6w — Aupy + U),
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dun_ Uy _
az = _ﬁ(“Na —8uy o+ 8 —uy) -
- 121/12 (3 + 16Uy _5 = 30uy_ + 161 —u,) —

B

_ﬁ(_u]v73 + 2LIN,2 - 2141 + uz) -

1
- h—4(”N—3 —duy_ + buy_| —4uy + u,),

d
% - _&(uN—Z — 8uyy + 8y —us) —
L 5 (cuy_y + 16uy_ — 300 + 160, — u3) —
12k (24)

_2L:13(_MN_2 + 2LlN_1 - 2Ll2 + Ll3) -

- %(u,v,z —4uy_, + 6y — 4u, + uy),

B KOTOpPOM MepHOANYECKHE TpaHMYHbIE YCIOBUS (2.2)
YUTEHBI KaK Uy = Uy, Uy = Uy_y, Uyy = Uy, Uy .y = Us.

3. PACYET CTAPILMX MMOKA3ATEJIE!
JIATTYHOBA

JJ1st KOHeYUHOMEPHOIT CUCTEMbl YPaBHEHU I OObIK-
HOBEHHBIX T depeHIIMaTbHBIX ypaBHeHMI (2.4) ¢ 3a-
NaHHbBIMU HavyaJbHBIMM U TPAaHUYHBIM YCIOBUSIMU
nposeneM pacuetr CIIJI mo anroputmy beHeTTmHa
[16]. KommaecTBO y3710B anmpokcuManuu N BBIOH-
paem paBHoe 2L. Bpems TmepecueTa B aJITOPUTME
T = 2. KoanuecTBO BpeMEHHBIX 111aroB, UCIOJIb3ye-
Moe Tipu npoBeaeHuu pacuetoB M = 5000.

Crapiiue JSIITyHOBCKME oKa3aTeIu cUucTeMsl (2.4)
Kak (yHKIIMY OT TapaMeTpa 3 B cirydae pa3sMepoB 00-
mactu L = 85 u L =100 npencraBiaeHbl Ha puc. 1—3.
M3 npuBeneHHBIX TpadUKOB BUIHO, UTO IIPU YMEHbB-
HIEHU Y 3HaYeHUsI TapameTpa [3 xapaktep IMHAMUKHU
CUCTEMBbI IIOCTEIIEHHO CTAHOBUTCS MEHEE XaoThde-
CKUM, TO €CTh YMEHBIIIAeTCSI pACXOIUMOCTH OJIM3JIe-
XKalux TPaeKTOPMii, TaK KaK CTapIIHWil JISIITyHOB-
CKUX MOKa3aTesb yObIBaeT. 3aBUCUMOCTD PELLICHUS i
OT BPEMEHHOI M IPOCTPAHCTBEHHOM NE€PEMEHHBIX
npuBeaeHa Ha puc. 4, 5. Ha puc. a) moka3aH XaoTu-
YEeCKMM pexXrM Kijlaccuueckoro ypaBHeHus Kypa-
MoTo—CUBaIIMHCKOrO, Ha pHC. b) — Iepexon OT
Xaoca K CTPYKType Oerylieil BOJHBI, Ha pUC. C) WJI-
JIIOCTPUPYETCS CTPYKTypa Oeryiieit BojaHBI. Perie-
HUE ypaBHEHUSI B YACTHBIX MPOU3BOIHBIX MTPOBOA-

snock B cpene MATLAB meronom nmami [17].
Ne 6
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Puc. 4. 3aBuMocTb peuieHust ypaBHeHUs (1.1) OT MepeMEeHHBIX X U ¢ MPU Pa3IUYHBIX 3HAYECHUSIX MMapaMeTpoB m U 3 mpu

L =100.

4. BAKJIIIOYEHUE

BrimmosiHeHO wMccliemoBaHMEe AWHAMUYECKUX pe-
XNMOB 00001meHHoro ypasHeHnss Kypamoro—CuBa-
mmHcKoro. IlpoBenen pacuer crapmiero JISmmyHOB-
CKOTO TIOKa3aTeslsl aIlllpOKCUMALIMU UCCIIeTyeMOTO
ypaBHEHMS Ha MITUTOYSYHOM IIaOJIOHE KakK (PyHK-

UM AWCIIEPCMOHHOIO MapameTpa. YCTaHOBJIEHO,
YTO P BEIOPAHHBIX TPAHUIHBIX M HAYaTBHBIX YCIIO-
BUSIX CTaplInii mokasaresib JIsimyHoBa sIBIsIeTCs yObI-
Baroleil GyHKIMel 6ubypKallMOHHOTO MapaMmeTpa.
IMony4eHHBIN pe3yabTaT TOBOPUT O TOM, YTO C PO-
CTOM [} AMHAMMKA CUCTEMbI TIEPEXOUT OT XaOTUIECKOM

BECTHUK HALIMOHAJIBHOI'O UCCJIEAOBATEJIBCKOI'O AAEPHOI'O YHUBEPCUTETA “MU®N” TtoM 9 Ne 6 2020
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Puc. 5. 3aBumocTb petieHust ypaBHeHUst (1.1) OT MEepeMEHHBIX x U ¢ MPU PA3TUYHBIX 3HAYECHUSIX MMAapaMeTpoB m U 3 mpu

L =85.

K peryisapHoii. [TocTtpoeHsl rpadpuku 3aBUCHMOCTU
peureHus paccmarpuBaeMoro YUII or BpeMeHHON U
MPOCTPAHCTBEHHOI II€PEMEHHBIX, WJIIIOCTPUPYIO-
e M3MeHEHWEe TUHAMUKKA OO0OOIIEHHOIO ypaBHE-
Hust KypaMmoro—CHBaIIMHCKOTO € TPeMSI pa3IMYHbBI-
MU CTEeNIEHSIMU HeJIMHEIHOCTH.

BJIIATOOJAPHOCTHU

PabGota BbINOJIHEHA Npu Noadepkke MuHHUCTepcTBa
HayKu M BhICIIEro obOpasoBaHus Pd (mpoekTt rocymap-
crBeHHOro 3aganus No 0723-2020-0036) u Poccuiickoro
donna pyngameHTanbHbIX vccienoBaHuit (PODPU) (ripo-
ekT 18-29-10025).
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Abstract—The generalized Kuramoto—Sivashinsky equation is used to describe a number of nonlinear phys-
ical processes. The aim of this work is to study the influence of the dispersion term of the generalized Kura-
moto—Sivashinsky equation on the nature of the dynamics of the system at three different degrees of nonlin-
earity. The system dynamical regime can be qualitatively determined by calculating the largest Lyapunov ex-
ponent. If the largest Lyapunov exponent is positive, then the nearby trajectories diverge exponentially and
the behavior of the system is chaotic. To find the largest Lyapunov exponent, one needs to repeatedly perturb
the trajectory of the dynamical system and find the distance between the perturbed and unperturbed trajec-
tories. To do this for a partial differential equation, it is necessary to transform it into the finite-dimensional
system of ordinary differential equations. In this work, for the Kuramoto—Sivashinsky equation, this transi-
tion is carried out using the approximation of spatial derivatives on a discrete grid. The boundary conditions
are chosen to be periodic. For the resulting system of ordinary differential equations, the largest Lyapunov
exponent has been calculated as a function of the dispersion parameter for three degrees of nonlinearity of the
equation. It has been found that an increase in the bifurcation parameter leads to a decrease in the largest Lya-
punov exponent, and, consequently, to the suppression of chaotic motion. Using the method of lines, the de-
pendences of the solution of the generalized Kuramoto—Sivashinsky equation on the spatial and time vari-
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ables for several values of the dispersion parameter are constructed. The resulting plots illustrate the transition
from a chaotic to a regular regime with an increase in the bifurcation parameter.

Keywords: Lyapunov exponent, partial differential equations, generalized Kuramoto—Sivashinsky equation

DOI: 10.1134/S2304487X20060073

REFERENCES

. Kuramoto Yoshiki and Toshio Tsuzuki, Persistent

propagation of concentration waves in dissipative me-
dia far from thermal equilibrium, Progress of Theoretical
Physics, 1976, vol. 55. no. 2, pp. 356—369.

. Sivashinsky G. I., Nonlinear analysis of hydrodynamic

instability in laminar flames—I. Derivation of basic
equations, Acta Astronautica, 1977, vol. 4, no. 11,
pp. 1177—1206.

. Michelson D.M. and Sivashinsky G.I., Nonlinear anal-

ysis of hydrodynamic instability in laminar flames—II.
Numerical experiments, Acta astronautica, 1977, vol. 4,
no. 11—-12, pp. 1207—1221.

. Sivashinsky G.I., On flame propagation under condi-

tions of stoichiometry, SIAM Journal on Applied Math-
ematics, 1980, vol. 39, no. 1, pp. 67—82.

. Tsvelodub O.Yu., Stationary travelling waves on a film

flowing down an inclined plane, Fluid Dynamics, 1980,
vol. 15, no. 4, pp. 591—-594.

. Shlang T. and Sivashinsky G.1., Irregular flow of a liquid

film down a vertical column, 1982.

. Kudryashov N.A., Exact solutions of the generalized

Kuramoto-Sivashinsky equation, Physics Letters A,
1990, vol. 147, no. 5—6, pp. 287—291.

. Michelson D., Steady solutions of the Kuramoto—Siv-

ashinsky equation, Physica D: Nonlinear Phenomena,
1986, vol. 19, no. 1, pp. 89—111.

. Kudryashov N.A., Exact solutions and integrability of

the Duffing—Van der Pol equation, Regular and Chaotic
Dynamics, 2018, vol. 23, no. 4, pp. 471—-479.

Hyman J.M. and Nicolaenko B., The Kuramoto—Siv-
ashinsky equation: a bridge between PDE’s and dy-

BECTHUK HALIMOHAJIbBHOT'O UCCIENJOBATEJIbCKOI'O SAEPHOI'O YHUBEPCUTETA “MUON”

12.

13.

14.

15.

16.

17.

namical systems, Physica D: Nonlinear Phenomena,
1986, vol. 18, no. 1-3, pp. 113—126.

. Nicolaenko B., Scheurer B., and Temam R., Some

global dynamical properties of the Kuramoto-Sivashin-
sky equations: nonlinear stability and attractors, Physi-
ca D: Nonlinear Phenomena, 1985, vol. 16, no. 2,
pp. 155—183.

Kudryasov N.A., Lavrova S.F., Nelinejnye dinamich-
eskie processy, opisyvaemye obobshchennym uravne-
niem Kuramoto—Sivashinskogo v peremennyh begush-
chej volny [Nonlinear dynamical processes described
by the traveling wave reduction of the generalized Kur-
amoto—Sivashinsky equation], Vestnik NIYAU MEPhHI,
2019, vol. 9, no. 2, pp. 284—289. (in Russia)

Kudryashov N.A. and Lavrova S.F., Dynamical fea-
tures of the generalized Kuramoto-Sivashinsky equa-
tion, Chaos, Solitons & Fractals, 2020, p. 110502.

Kudryashov N.A., Sinel’shchikov D.l., and
Chernyavsky I.L., Nonlinear evolution equations for
description of perturbations in a viscoelastic tube, Ne-
lineinaya Dinamika | Russian Journal of Nonlinear Dy-
namics], 2008, vol. 4, no. 1, pp. 69—86.

Abramowitz M. and Stegun 1.A., Herausgeber. Hand-
book of Mathematical Functions, 1970.

Benettin Giancarlo, et al., Lyapunov characteristic ex-
ponents for smooth dynamical systems and for Hamil-
tonian systems; a method for computing all of them.
Part 1: Theory, Meccanica, 1980, vol. 15, no. 1, pp. 9—
20.

Schiesser W.E., The numerical method of lines: integra-
tion of partial differential equations, Elsevier, 2012.

ToM9 Ne6 2020



