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Paccmarpuaercs cucrema ypasaenuiit MI'/1-paBHosecus. PeannsyemMbie aBTOpaMU MOAXOABI K PEITCHUTO
JTaHHOM CUCTEMBI TIPUBOIAT K TIEPEOTIPEACTICHHOM CUCTEME HEMTMHEUHEBIX TU( HEPEHITUATBHBIX YpaBHEHUH
B YaCTHBIX MPOU3BOMHEIX. JIJIsT perieHus: mepeorpee/icHHON CUCTEMBI UCITONB3YIOTCS aHATUTUIECKUE
TIOAXO/BI, B OCHOBE KOTOPBIX JIEKUT PEMYKITUS CUCTEM YPABHEHUWI B YaCTHBIX ITPOU3BOIHBIX K CUCTEMAM
OOBIKHOBEHHEIX MU epeHIManbHbIX ypasHeHUH (O/1Y) ¢ MOCIeayonM pemeHneM TaKuX cucTeM. 1pu
TAKUX PETYKIIVAX B KAUECTBE HE3aBUCUMOM TIepeMeHHOM B cructemMe OJ1Y MOTYT BEIOUPATHCs pa3iIudHbIe
BEJIUUUHEL M 371araeTcs aqropuT™ CBEACHMS TTOyYEHHOH TTEPeoTIpecICHHON CUCTEMBI YPABHEHUN K CH-
cremaM OJ1Y, B KOTOPBIX HE3aBUCUMasl IIEPEMEHHAS |y TAKOBA, YTO (X, ), Z) = CONSt €CTh [IOBEPXHOCTD
YPOBHsI permeHuit cructeMsl ypapHeHu MI'JI-paBHosecus. ITokasaHo, 9To BEIOPATH TAKyI0 HE3aBUCHUMYIO
TIEPEMEHHYIO MOXHO HE §IUHCTBEHHEBIM 00pa3oM. HalimeHbl TOUHEIE PEICHUsT UCXOAHON CUCTEMEBI YPaB-
HEeHUH B caydasnx, ecnu ¥ = x/(1 — my — nz) (m = const, n = const) uy = x + my + nz + ! (m = const,
n = const, !/ = const). IlomydeHHBIEC TOYHEIE PEIICHUS 3aBUCAT OT ITPOU3BOJIBHBIX TOCTOSTHHEIX. [Tokaza-
HO, 9TO B caIydae \y = x + my + nz + 1 (m = const, n = const, / = const) HAlAEHHOE PEIIEHNIE MOXKHO 1C-
TI0JIB30BATH JIJI TIOCTPOEHUSI MaTrHUTHOTO TI0JIST 33/TAaHHOT0 HarpaBjieHUs. BEITIMCAaHO 0/THO YaCTHOE pPEITie-
HHE cUCTeMBI ypaBHeHmit MI'J1-paBHOBeCH 71 GE3BUXPEBOTO COMCHOMIAIHHOTO MAaTHUTHOTO 11011, OT-
MEUAETCs, YTO YKA3aHHBIC TOUHBIC PEIIEHUS MOXHO HCIIONB30BATh B KAYECTBE TECTOB IMPU YMCICHHBIX
pacuerax.

Karouesvie caosa: cuctema ypasaenuit MI'J1-paBHoBecHsI, HEMUHEHHBIE AU O epeHITaTbHBIC YPABHEHMS C

YACTHEIMU [IPOU3BOJHBIMU, TOUHEIE PEIICHUSA
DOI: 10.1134/52304487X20060103

BBEOJEHWE

B crathe paccMaTpmBaeTCs OTHA M3 MaTeMAaTHIE-
CKmx Mopeiei mmaszmocTtatuku [1, 2]. HMcciaemosa-
HUS, CBSI3aHHEIC C M3YICHNEM TIIA3MBEI, BEAYTCS T0-
CTATOYHO AABHO [3]. DT nccaeqoBaHNUSI HAXOMSIT BCE
0oJiee IIMPOKOE MpUMEHEHKE (CM., HarmpuMep, [4—8]).
COOTBETCTBYIOIINE YpaBHEHUS B OCHOBHOM pella-
IOTCSl YMCIIEHHBIMH METOIaMM (CM. Hampumep, [9]),
Pa3BUBAIOTCS TAKKE AHATMTHYECKME ITOIAXOIHI (CM.
Hampumep, [10]).

B nmanHOI pa0oTe MPOBOAMTCS AHATIUTHUECKOE
PacCMOTPEHUE OTHOTO BAPWAHTA CUCTEMBI YPaBHE-
HW MATHUTHOU THAPOAWHAMUKU. PEnyKIns CUCTE-
Mbl MI'J1-mmazmoctatuku [ 1] (6amaHc cui naBiaecHust
M cWJIBl Amriepa [2])

gradp = #[rotB xB]|=0, divB=0  (0.1)

12

METOJ0M, Pa3BUBAEMBIM ABTOPAMM JLJISI CUCTEM YpaB-
HEHUI B YaCTHBIX MMPOU3BOAHEIX [11], cCBOAUT MCX0I-
HYI0 CUCTEMY K cUCTeMaM OOBIKHOBEHHBIX mudde-
peHIMATLHBIX ypaBHeHMH (cuctemam OJ1Y), mist Ko-
TOPBIX BRIITMCHIBAIOTCS PEIIEHUS.

3necek B(x, y, z) = {a, b,c}, — BEKTOp HaIIPsSIKEHHO-
CTW MAarHUTHOTO TIOJISL, {X, J, 7} — MIPOCTPAHCTBEHHBIE
MEpEMEHHEIE, p — gasneHue. J = {j;, j,, j;} — BEKTOD
IDIOTHOCTH 3ACKTPHUYECKOTO TOKa, J =rotB. Bo3-
MOXHBIE KOH(UTYpaIIUH T1a3MBl, MATHUTHOT'O TTOJISI
M 3JIEKTPUYECKOTO TOKA ITOJTHOCTBIO XapaKTePU3YIOT-
cs pacIipelieIeHMEM B TIPOCTPAHCTBE 3THUX TPEX
dyuxmumii [1].

B pazn. 1 cucrema (0.1) ceeneHa x cuctemam OJ1Y,
JUTSI KOTOPBIX BRIMTUCAHBI HEKOTOPHIE TOUHBIE pellie-
Hua. B pasgene 2 o0cyxXaaeTcs BOIIPOC 00 UCIIONb-
30BAHMM YACTHOTO TOYHOIO pemenuss MIJ-1iasz-
MOCTaTUKM JUISI TIOAYIEHUS] MAaTHUTHOTO TIOJS 3a/IaH-
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HOTO HampaBicHMA. B pasmene 3 paccMarpmsaeTcs
CcIy4yait CONeHOMAANBHOTO GE3BUXPEBOTO MATHUTHO-
T'O IIOJIA MU BBIIMMCHIBACTCA YACTHOC PCIICHUEC CHUCTC-
Ml (0.1) o711 TAaKOTO OIS

1. CBEAJEHUWUE CUCTEMUBI (0.1) KCUCTEMAM
ony

IMepermmem cucteMy ypasHeHuit (0.1) B Bune

(az - Cx)c - (bx - ay)b = 475Px:
(by —a,)a—(c, —b)c=4np,, (L.1)

(¢, =b)b—(a,—c)a=4np, a,+b,+c, =0.

31eck 1 gajiee HIDKHUE WHAEKCH 0003HAYaIoT aud-
(hepeHUMPOBAHWE TIO COOTBETCTBYIOLIUM HE3ABUCH-
MBIM TIepeMEHHBIM. [1oTpebOBaB paBEHCTBA CMeE-
HIAHHBIX TPOU3BOMHBIX P, = Py Pre = Poxs Pz = Py
u3 (1.1) moaydaeM cCUCTEMY

(a,c+ac,)—(b, —a,)b+ab, —

- (b, —a,)a—-(b,—a,)a, —b,c—bc, =0,

(a, —c)c+ac, +a,b+ab — (12)

—cyb—cb +(a, —c)a+(a, —ca, =0, )
bpa+ba, —(c,, —b ) —(c,—b), -

= (¢, = by )b—(c, = b)b, —c,a—c.a, =0.

ITomaraem, wuro B=B(y), p=ply), I

Y = (X, Yy, 7) — TOBEPXHOCTH YPOBHS JAHHBIX (DYHK-
ouit. Torma
a,=avy,, a,=avy,,
a =aV, a4, =a"Yy, +a'y,,

" A} " 2 v
Gy =AY Y, T aV,,, a,=ay,tay,,

a, =adV.+avy,, a, =dVyy,+avy,,
b, =bVy,, b, =bvy, b =by,
by, =b"y,y, + by,
b = BV + DY,
by ="y, + bV,

bxy = b"\Vy\Vx + b'\Vyx’
be = bV + bV,
¢, =cVy,, ¢, =bvy,, ¢ =by,
Cyr = CWN + Y,
G = YL H Y,
Cop =Y N+ Y

ny = C"\ljy\ljx + C'\ljyxa
A} 2 A
Gy =€ \Vy + C\Vyy’

3meck 1 gajiee MTpUX 0003HAUaeT auddepeHIIpo-
BAHUE TIO .

IToacTaBus 3TH BeIpaxkeHus B (1.2), moayyaem

BECTHUK HAITMOHAJILHOT'O UCCJIIEJOBATEILCKOTO AJEPHOT'O YHUBEPCUTETA “MU®IT”

@'y Y, +ay,)e+acy,y, -

— ("W, + Db+ (@'Y, + 'y, )b +
+a'by, — (0" + by a — (B LY, +
+H(@"W, +a'y,)a - bayl + @)y, -
-y Dy e =bicy .y, =0,
@y +a'y. e — (€YY, + e+
+ (@YY, +a'Y )b — (YL, Y )b +
+ (@'Y, +ay)a— (¢ CL)a +
+ a'c’\pi +a'byy, —bcy.y, -

— (YW, + @)Yy, - cayl =0,
by, + by da = (Y, + ey )e -
— (B + by )e — (€W + ey, )b +
+ (B, + Db = (W, + Yy )a +

LN ) 2 LN 2

+bayy, by, —bcy, +
+ (b')Z\Vy\Vz - (C')Z\Vy\Vz —acyy, =0.
[Tepermmem cucreMy (1.3), BBEms IOKa Takme

NpOM3BOMIBHEIE  DyHKUMU:  f(V), gy), f(V),
(i = 17 27 37 47 57 6)

(1.3)

(@'c+a'c)gW)f(y) +la"a—-b"b+ (@) —
— Y1/ () + @b+ a'b)f () -
—('a+a'bh)y—(b"c+ bcgy) + a'cfi(y) —
— b'bHh (W) + a'bfi(y) — bafy(y) +
+a'afy)(y) — b'efs(y) =0,
(@'c+a'c)g (W) +la"a—-c"c+ @) —b)]x
X g+ (a"b+a'b) f(y)g(y) -
—("b+c'DY(W)—(c"a+c'a)+ a'cfi(v) —
— c'cfs(Y) + a'bfi(y) — cbAH(Y) +
+ a'afs(y) - c'afy () =0,

(b"a + a'b)g(w) +[—"c = b"b + (b)Y’ — (¢')']x
X S(y)gW) + (B¢ +c'B)g* (y) —

— (b D (W) = (a+ae) f() +
+ d'afs(Y) + c'cfi(y) + befg(y) +
+ (W) + BBA(Y) - Cafy(y) = 0.

(1.4)

Sy = $— g =Y =2,

x x x

\ljxy

Sy =22 Yoy
v

Sy =—,

X

rw=¥=" r=¥=,

X X

OueBunHo, (1.5) — TepeorpeneieHHass cucTeMa
ypaBHeHI/Iﬁ B YaCTHBIX ITPOMU3BOAHBIX C HCU3BCCTHEBI-

fily) = \\I; (15)

v, = 0.
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MI QyHKIMAME  W(x,y,2), f(¥). &), [fi(y),
(i=1273,4,5, 6). [Toryuum yCIoBHsI, TIPU KOTOPBIX
3Ta CHCTEMa COBMECTHA.

Vreepxknenne 1. Ecau = x/(1 —my —nzg) uau
y = x+my+nz+/(m=const,n = const,/=const),
mo cucmema (1.5) coemecmHa.

HokazarenscTBo. [IepBBIC 1BA YPABHCHUA CUCTE-
MHI (1.5) mMeroT pemienune ¥ = x + f{y)y + g(y)z + 1,
| = const, oTcroma

v, =V(-fy-g2, W /V¥:=fi=(y+g"),
Y =wy(y.z), HO Wy,#0

CooTHOLIEHNE V.. /\|JfC = f, =(f'y + g£"2) BBIIOIHSI-
ercanpuy, # 0,ecm f, =0, /' =0, g" = 0. Cieno-
BaTENBHO, ¥, = 0. Torma 6o v, = 1/(1 — my — nz),
U Y(x,y,2) =x/(1-my—nzg), ectm f =m = const,
g'=n=const, mubo Yy, =1, ec f = m = const,
g=n=const (cM. (L.5)) ™, Kak CJICICTBUE,
W(x,y,z) = x+my+nz+/!, [ =const. IIpu Takux

Y =Wy(x,y,z) Gyakumu f(y)., (i=122347506)
JIETKO OIpenessatorcs. YTo 1 TpeGoBaIoCh J0KA3aTh.

1.1. Cayuaii y = x/(1 — my — nz)

Ecmm y = x/(1 —my —nz), 10 (eMm. (1.4), (1.5))
npuxoanM K cucteme O1Y

a +vy(b'm+c'n) =0,
(a"c+ a'c')mn\p2 +[a"a—-b"b+ (a')2 - (b')z] X
X my + (@b + a'Bym’y’ —

—(b"a + a'h)—(b"c + b'c"ymy + 2a'cmny —
—b'bhm+ 2a'bm2\|1 +a'am—-bcn=0,
(a"c+ a'c’)nz\p2 +la"a—c"c+ @) — () ]x
Xy +(a"bh+ a'b’)mn\p2 -

— (¢"b+c' B Ymy—(c"a+c'a’) + 2a'cn*y —
—c'cn+ 2a'bmmy —c'bm + a'an = 0,
(b"a +a'bmy +[—c"c — b"b + (b')’ — (') ]x
X mn\|}2 +(b"c+ c'b')nz\p2 -

—(c"b + B Ym 2 —(c"a + a'cymy + a'an +

(1.6)

+ 2c'cmmy + 2b'cn2\|1 + ZC'bm2\|1 +
+ 2b'bmmy — c'am = .

OnpemenuTens IPU BTOPHIX MPOM3BOTHEIX B CH-
creme (1.6) paBeH HYIIO, TIO3TOMY, KaK CIIEACTBUE,
IUTST TIEPBHIX TIPOM3BOMHEIX TOJDKHEI BHEITIOHSTECS
COOTHOIIIEHMST

a+y(b'm+cn) =0,
q= —\y(mc' —nb)(mb + nc)
c'(m+ n2\|1) + b'mmy

(1.7)
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CootHouteHus1 (1.7), B YACTHOCTH, BBITIOJHSIIOT-
ca,ecima =0, b =ky, ¢c =—-ky, k = const. Orcio-
Ja CIIEAYET, eCiu m = n = 1, T0o gasuenue p = M?> —

— (1/4m) [kzx2 /-y - z)z], KOMITOHEHTHI BEKTOpa
TUIOTHOCTH 3JIEKTPUIECKOTO TOKA j; = —2k/(1—y — 2)2,

Jr=k/U-y-2)., jy=k/(l—y—2), M’ =const.

HTax, mra cucreMst (1.6) mMeeM TOUYHOE PETIIeHIe

a=0, b=ky, c=-ky,
— a2 k’x’ _
p= > M = const,
Anl-y —2)
. 2 ) (1.8)
S = k 3 J2 = k ,
(I-y-2 (I-y-2
. k
=——— k =const.
TR

1.2. Caywait Wy(x,y,2) = x+my +nz+!

3aMeTHM, 4TO TAKOM BHUI HE3aBUCUMOI IIepeMeH-
Hoi mis cuctemsbl (0.1) u3BecteH. Ecau B kKauecTse
He3aBHUCUMOI mmepemMeHHon B cucteme OJ1Y BrIOE-
peM W(x,y,z)=x+my+nz+/, 10 cucrema (1.4)
IPUBOAUTCS K BULY

mu(a'c) + ml[(a'a) —(b'b)]+
+ mz(a'b)' —(b'a)y —n(b'cy =0,
nz(a'c)' +H[(a'a) —(c'c)]+

(L.9)
+ mn(a'b)y — m(c'bh) — (c'a) =0,
n(b'a) + mu[(b'b) — (c'c)] +
+ 1’ (b'cy — mi(c'hy — m(c'a) = 0.
M3 cuctemsr (1.9) nmeem
mua'c) + m[(a'a) —(b'h)] + mz(a'b) -
—(b'ay—n(b'c) =C,, C,=const,
nz(a'c) +n[(a'a) — (c'c)|+ mn(a'bh) — (1.10)

—m(c'h) —(c'a) = C,,
n(b'a) + mn[(b'h) — (c'c)]+ nz(b'c) -

— m*(¢'h) — m(c'a) = C,,

C, = const,

C, = const.

IMepermuiem cuctemy (1.10), codpaB Koz puiiu-
E€HTHI TPU TTPOU3BOAHEIX. [Toayunm

ma'(a+ mb + nc)— b'(a + mb+ nc) =C,
na'a+mb+nc)—ca+mb+nc)=C,,
nb'(a+ mb+ nc)—mc'(a+ mb+ nc) =C,.

(L11)

W3 ypaBHenus divB =0 (cMm. (0.1)) cnenyer uro
avy,+bvy,+cy, =0. Torma a+mb+nc=k, k=

=const, k #0, C; = mC, — n(C,. Yuutssag 310, 1e-
penuiem cucremy (1.11)
Ne 1
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g o MG +nC b,=mnC2—C1(1+n2)
k(L+m* +n?) k(L+m* + 1)
o= mnG —C2(1+m2).
k(L+m* +n’)
mC; +nC,
k(l+m* +n)
_mnC, —C(1+ 1)
 k(+m + i)
oo mnC =Gyl + m’)
k(L+m’ +n?)
k, =const, y=x+my+nz+!

Orciona a = Y +(k — mk; — nk,),

(1.12)

b

\lj+k17

y+k,, Kk =const,

IMoacrasasiem (1.12) B cuctemy (1.1) 1 yuuThiBa-
eM, uTo p, = p'y,. B pesynprare umMeem

. L{ZmnClCz —CHl+m’y-Ck1 +n2)w+

4r KA+ m’ +n’)
L Cakey + Clkl}
k
p=L 2mnC,C, = C(L+m) = Cl(L+ n)y’ N
4n k2(1 + m2 + nz) 2 (113)
n Gk, ]: Cik v+ C},
C=const, y=x+my+nz+.

3aMeTuM, YTO €CIIU 3a0aauM k; = k, = (0, TO Ha TUTOC-
KocTU Y = () JaBJICHHME NOCTUIacT MaKCUMATBHOTO
SHAYCHUA
2 2 2
p=0. p _ G +C +(mC, +n() <0
K+ m* +n%)

npu 31oM p =C. Korma C, = C, =0 (6e3BUXpeBOE
MAarHUTHOE TI0JIe), TO JaBleHMe MOCTOsSHHO (p = C).

BrimmnceiBaeM KOMIIOHEHTEL BeTOpa J — IUIOTHO-
CTH 3JIEKTPUUIECKOTO ToKa [1]
n Cl - m C2 . C2

C
. =, =—=, J :——1
Ji X J2 X 3 X

2. O BBIBOPE HAITPABJIEHUWA
MATHUTHOTIO I1OJIA

ITonyyeHHBIE KOMITOHEHTH BeKTOopa B 3aBUCAT OT
TIPOU3BOJBHBIX TTOCTOSIHHBIX (CM. (1.12)), 3TH mocTo-

aauwie {C), C,, m, n, I, k, k, k,} MOXHO BEHIOUpATH
TaK, 9YTOOH BEeKTOpP B mMMen B KaXXmOM TOYKE IIPO-
CTPAHCTBA HYXHO¢ HampapieHue. Eciam 3amaHa He-
KOTOpast MOBEPXHOCTb, TO 3TOT BEKTOP MOXKHO Ha-
TMPaBUTH II0 KACATEABHON K HEM B KaXIOW TOYKE,
obecreunB HYKHOE HAIPaBICHNE COOTBETCTBYIO-
MM IT000POM IIPOU3BOJIBHEIX TOCTOIHHEIX. [ToKa-
KEM 3TO.

ITycte 3amana moBEpXHOCTH Z+ odx,y)=0. B

TOUYKE X = X, V = Yy, &y = —0{Xy, V) HOPMAIB K 3a-
JAHHOU IIOBEPXHOCTU NMECT KOMITIOHCHTHBI
{0, (X0, o) 0,(xp, 1), 1}. Bexktop B HampaeseH 1o
KacaTesHOU K 3aJaHHON TTOBEPXHOCTH B ATOU TOU-
K€, eclu

a(x07 Yos ZO)Q’x(xO’ yO) +

2.1)
+ b(x07y07 ZO)Q’y(xO’yO) + C(x07y07 Z0) = O

Ycnosue (2.1) BHITOTHEHO, €CJIH

mC; +nC,
k(L+m* + 1)
mnC, — C,(1+ n’)

k(L+m* + 1)
L |mnCy =Gy + m’)
k(L+m* + 1)
Y = Xy + my, —noU(Xg, Vo) + L.

ch(XOaJ/o){ y+ (k —mk, — ”kz)} +

+

+ 04, (X0, Yp) v+ k

(2.2)

Y+k =0

Or1crona mojaydaem

0L (X0, Vo)
not,(xo, yo) — 1
X {—k:ffln;zcéz)\lf +(k - mh)} +
o, (X0, Yo) {mnCz G+ )
nou(xo, ¥o) =1 k(l+m’ +n’)
mnC, — Cy(1+ m*)
k(L+m’ + 1’y [nou (o, yo) =11

ky(xo,¥0) = X

2.3)

\|1+k1}+

F’He\lj = X + myq, _na’(x07y0) + la [na’x(XanO) - 1] #0.

Ecmu k =k, =0, 0,(x,),) #0, T0O B ToUKax
paccMaTpuBaeMoii TTOBEPXHOCTH BMECTO (2.3) BbI-
oumpaeM

Cilmo, — o, (1+ nz) + mn] + Cy[no, + mno, — (1+ mz)]

k(xg,¥0) = i\/

Ycnosue (2.3) v (2.4) o0ecneuynBaroT MOJ0XKe-
HUE BeKTOpa B B KacaTenmpHOU MHOCKOCTH K pac-

BECTHUK HAITMOHAJILHOT'O UCCJIIEJOBATEILCKOTO AJEPHOT'O YHUBEPCUTETA “MU®IT”

2.4
ocx(1+m2 +n2) @4

CMATPUBAEMOI TIOBEPXHOCTH Z + 0 x,y) = 0 B puk-
CHPOBAaHHOM TOYKE {X,}y, ). UTOOE oOecrmeuuTh
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3aJaHHOE HATIPABJICHUE 3TOTO BEKTOPA HA KACATENb-
HOM TUTOCKOCTH, HA TOBEPXHOCTU z+ 0fx,)y) =10
HYXHO 337aTk JMHUIO X = x(s), ¥y = y(s), z(s) =
= —0i(x(s), ¥(5)) M HAIPABUTE BEKTOP B 10 Kacatenb-
HOM K HEl.

Yro0er BekTOp B Kacayica 3amaHHON JIWHUMH,

JOJDKHEI BEITIOJTHATRCA YCIOBUS a = X, b = y,, ¢ = 2,
B KaXmoi (pUKCHUpOBaHHOM TOYKE HA 3aJaHHOM JIH-

HUM X(8y) = Xy, V(S5) = Vo, 2(Sy) = g,. [lokaxem, 4To
COOTBETCTBYIOIITM BEIOOPOM MPOM3BONBHEIX TIOCTO-
SHHBIX BHITTOTHEHWE STUX YCIOBHIT MOXHO OOecIe-
YUTh. JeUCTBUTEIBHO

_ mC +nC,
k(4w + 1)
p o mnCy =G+ n’)
k(L+m* + 1)
o omnG =G+ m?)
k(L+m’ +n?)
k, =const, k, =const,

Y + (kK —mk — nk,) = x,,

+k =y,
\Ij 1 Vs (25)

\lj+k2 =I5

ey = x, +my, +ng +1. 3amaemm=n=k, =k, =
= 0, torma y = x, +/. Homaras C, = —kz,/(x, + 1),

C, =—ky,/(x; +1), k = x,, 0OecIIeYBaEM BBITIOTHE-
HHUE TPeOyEeMBIX YCIOBHM (2.5).

Hampumep, mycts z = i\/R2 WX+ -y

(trop). IlycTe Ha TOpe 3amaHa JHMHUSA X = X(S),
y = y(8), 2= 2(s)

z=%s5, x= {ri\/Rz —szjcosq),
y= {ri\/Rz —szjsin(p.

Torma B (2.5) moacrasisieM

_ Scos _ ssin
Xs :+2—(p27 Vs :+2—(p27 <5 =+l
R -5 R -5
U TIOJIYYAEM YCIIOBUS KACAHU BEKTOPOM B 3amaHHOMI
JIMTHW.

Ecmu TpeGyercs HampaBUTh MAarHUTHOE TIOJNIE B
(PMKCUPOBAHHON TOYKE X = Xy, Y = Yy, < = Zy Nep-
TMICHAVKYJSIPHO 3a0aHHOM MOBEPXHOCTH OU(X, Y, Z) = 0,
TO MOTpedyeM, YTOOHI

_ mC, +nGC,
k(l+m’ +n)
+ (k — mky — nky) = 0,(X0, Yo 20)»
p o mnC =G+ n’)

k(l+m’ +n)

2
mnC, — Cy(1+m
=M= GUE M),
k(l+m" +n")

= az(x07y07‘z0)7 \lj: x0+my0 +nZ0 +l

+

(2.6)

W+ k= 0o, Yo, 20),

k2:
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YemoBue (2.6) 6yaeT BEITIOTHEHO, SCITH

mnC, — C(1+ n’)
k(l+m’ +n?)
mnC, — Cy(1+ m*)
k(L+m* + 1)

k = o, (xy, Yo, 29) + mk, + nk, —
__mG+nG
k+m’ +n®)

>

ky = 04, (X0, Yo, %) —

ky = 0 (xg, Yo, 20) —

bl

Y =X, +my, +nz, + 1.

3. O BE3BUXPEBOM MAT'HUTHOM IIOJIE
N PEHIEHUUMW CHUCTEMUBI (0.1)

Ecnu B pemwenuu (1.12) C; = C, =0, To rotB =0
(0e3BUXpeBOE MarHuTHOe TmoJse). Ecom B =
=[oux,y,z) XP(x,y,z)], TO TIpN JNIOOBIX 3aTAHHEIX
o=0x,y,2), B=Pp(xy z) umeem divB =0. Ecim
BBITIOJTHAIOTCS 004 TIEPEUNCICHHBIC YCIOBUS IS
BekTOpa B, TO Tako# BEeKTOp B yIOBHAETBOpPSET CH-
creme (0.1) u mociie moactanosku B (0.1) maer p = C,
rae C = const — CKOJb yrogHo ooabiroe. Heodoxoam-
MO€ M MOCTATOYHOE YCIJIOBHME CYIIIECTBOBAHUA 0€3-
BHUXPEBOTO MATHUTHOTO ToJIeA [12] —a=Q,, b =0,
c=0,, 0=0(x,y,z). CirenoBaTeiapHO, LI TAKOTO
pemicHus cucteMsl (0.1) TOKHEI BEITOJIHATHCS 3a-
Bucumoctu gradQ = [ox, y, 2) X B(x, ¥, 2)].

gradQ = [olx, y, 2) X B(x, y, 2)]
ecm Q, =03, —o.f,,

QY = asz - OLsz: Qz = OCxBy - OCyBx.

I[lycte, HampuMmep, O(x,y,z) =mx’ +ny’ +kz* -1,
B(x,y,z) = g +hy’ + 127 —1, m = const, n = const,
k =const, g =const, 4 =const, [ =const, Toraa
O, =2yz(nl —kh), O, = 2xz(kg —ml), Q.= 2xy(mh —
— ng).

Oy = 0Oz 0. =0.,. 0,.=0,. ecim
(nl —khy=(kg —mly, (nl—kh)y=(mh-ng). B
YCJIOBHSI  BBIMIOJIHSIOTCSI, Korma &k =—(m+ n),

l=—(g+h. Tormampumh—gn#0um>0,n>0,
g>0, h>0, mnoBepxHoctw Ox,y,27)=0 u
B(x,y,z) = 0 — ogHOMONOCTHEIE THIEepooIouasl. 1o
JIMHUY WX TIEPeCeYeHUs TIPOXOAUT BEKTOp B Oe3BMX-
peBoro coneHouaaabHoro moast (rotB = 0, divB = 0)
C KOMIIOHCHTaAMHA

a =2yz(nl —kh), b= 2xztkg —ml),
(pemenue cuctemsl (0.1)).

¢ = 2xy(mh — ng), (3-1)

SAKJIIOYEHUE
3amaun IIa3MOCTaTUKHI MOTYT BOZHUKATH KAK CO-

CTaBHAas YaCTh IIPOTPpaMMBI YIIPABIEHUS TEPMOSIIEP-
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O HEKOTOPLIX PEIIEHUAX OJJHOW CUCTEMbBI YPABHEHUN TTJIABMOCTATUKH 17

HBIM cuHTe30M [13]. B HacToseit pabore paccMmar-
PHWBAETCS O/THA M3 CUCTEM YPAaBHEHUWI TIA3MOCTATH -
xu (cM. (0.1)). [t TaHHOW CUCTEMBI BEIITACAHEL 1BE
cucteMsl OJ1Y (cM. (1.6), (1.9)). [1omydeHE TOYHEIS
peuieHust cucTeMsl (cM. (0.1)), 3aBucHIIre OT MpOU3-
BOJBHBIX MOCTOSHHBIX (cM. (1.8), (1.12), (1.13)). ITo-
Ka3aHo, KaK MOJYISHHOE YACTHOE PEIIeHNE MOXKHO
HCIIOJTB30BATH MJIST TTOCTPOSHUST MATHUTHOTO TIOJS
3aMaHHOTO HampaeieHud. OTHEeNBEHO PacCMOTPEH
cITygait 6€3BUXPEBOTO COMCHOMTATHFHOTO MATHUTHO-
TO TT0JIs1. BEIMUCAHBI KOMITOHEHTEI BEKTOPA MATHUT-
HOM HAIPSDKEHHOCTH (YaCTHOE pellleHne) IS TaKO-
ro mois (cMm. (3.1)). TouHbIE peUICHUS MOXHO UC-
TMOJTE30BAaTE B KAUECTBE TECTOB TIPU UHCICHHBIX
pacuerax. Pemmasg cuctemy O1Y (1.6), MOXHO TOMy-
YaTh U IPYTUE PEIIEHNS UCXOTHON CUCTEMEI ypaBHE -
HUIL.
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Abstract—A system of MHD equilibrium equations is considered. Approaches used to solve this system lead
to an overdetermined system of nonlinear partial differential equations. The overdetermined system is solved
with analytical approaches based on the reduction of systems of partial differential equations to systems of or-
dinary differential equations with the subsequent solution of such systems. With such reductions, various
quantities can be selected as an independent variable in the system of ordinary differential equations. An al-
gorithm is described to reduce the overdetermined system of equations to systems of ordinary differential
equations in which the independent variable y is such that y(x, y, z) = const is the level surface for solutions
of the system of MHD equilibrium equations. It is shown that there is more than one way to choose such an
independent variable. Exact solutions of the original system are obtained in the cases y = x/(1 — my — ng)
(m = const, n = const) and y = x + my + nz +1(m = const, n = const, / = const). The exact solutions obtained
depend on arbitrary constants. It is shown that the solution in the y =x + my + nz +1 (m = const, n = const,
/= const) can be use to construct a magnetic field of a given direction. One particular solution of the system
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of MHD equilibrium equations is presented for a vortex-free solenoidal magnetic field. It is noted that these
exact solutions can be used as tests in numerical calculations.

Keywords: MHD-equilibrium equations, nonlinear partial differential equations, exact solutions
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