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Paccmotpeno ypaBHeHue JlakimmanaHa—Ilopce3anana—aHuenst, MCnoab3yeMoe Hapsay ¢ HeJIMHEMHBIM
ypaBHeHueM lllpennHrepa nist onmucaHus pacrpocTpaHeHUsI UMITYJIbCa B ONTUYECKOM BoJIoKHe. PerieHue
IaHHOTO IUddepeHInaIbHOTO ypaBHEHUSI B YACTHBIX MPOU3BOIHBIX UCKAJIIOCh B BUIE MOHOXpOMaTHUYe-
CKOI1 BOJTHBI ¢ orubatolieii, spisolieiics hyHKIuei nepeMeHHou 0eryiei BoiaHbl. [1yTeM nmoacraHoBKU
3TOro pelieHus1 B ypaBHeHHue JlakinimaHnaHa—Ilopce3snana—/sHuenss nuddepeHiinalbHOe YpaBHEHUE B
YaCTHBIX TPOU3BOIHBIX TPUBEIEHO K ITepeoTipeieIeHHOM CUCTeMe 13 IBYX OMHOPOIHBIX fuddepeHIna b-
HBIX YPaBHEHMI IJIs1 orrOarolieii MOHOXpOMaTU4YeCKO# BOIHEL. IJis1 mepeornpeneieHHOM CUCTeMBI ypaBHe-
HUI TIpeJCTaBJIeH CITOCcO0 OIpenesieHUsI €€ COBMECTHOCTH, OTJIMYHBIN OT TOTO, YTO UCIIOIbL30BAJICS paHee
U 3aKJII0YaJICs B OTPeeSIEeHUM COBMECTHOCTH ITyTeM MPUPABHUBAHUS K HYJIIO KO HUIIMEHTOB OTHOTO U3
ypaBHeHU. C y4eToM yCI0BUi COBMECTHOCTH M3 TIepeollipeie/IeHHOI CUCTeMbl ypaBHEHUI, XapaKTepu3sy-
IOLIEH OrMdaIIyI0 MOHOXPOMATUYECKO BOJIHBI, HAMIEHBI 1Ba PELLIEHUS C IBYMSI U TPEMSI IPOU3BOJIbHBI-
MU KOHCTaHTaMM, BbIpaXXEHHBIE Yepe3 aJuntudeckue hyHKiuu Axkoou. s o6oux penieHuit mpeacras-
JIEHbl COOTBETCTBYIOLIME OTPAHUYEHUS Ha MapaMeTpbl MOHOXPOMAaTUYECKOI BOJIHBI U TPYIIOBYIO CKO-
POCTb ee NBUXKEeHUS, TIPU KOTOPBIX JaHHbIE pelleHUs cylecTByloT. [lokazaHo, 4TO 1JIs1 CYIIECTBOBAHUSI
pelIeHMs C TpeMsI MPOU3BOJIbHBIMUA KOHCTAHTAMU TPEOYIOTCSI TAaKXKe 1Ba OTPaHUYEHUST Ha KO3 GULIMEHTBI
ypaBHeHus Jlakimmanana—ITopcesnana—/pHuens. [MonydyeHo, 4To pelieHus: ¢ IByMsSI TPOU3BOJILHBIMU
KOHCTaHTaMU MPU ONpeAeIeHHOM 3HaU€HU U OJHOM U3 MPOU3BOJIBHBIX KOHCTAHT BBIPOXAAETCS B pelIEHNE
TSI TUIOCKOM MOHOXPOMAaTUYECKOI BOJTHBI C OTMOAIOIIEN TUTIa COMUTOHHOM BOJTHBIL.

Karoueswie croea: TouHble peleHust, ypapHeHue Jlakinmanana—Ilopce3snana—/sHuenst, yeaMHeHHAs BOJI-
Ha, IepruoaryecKast BOJIHA
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1. BBEAEHUE

OnHUM M3 TIONYJSIPHBIX YPaBHEHUI ST Oomuca-
HUS pacIIpOCTpaHEHUST UMITYJIbCa B ONTUIECKOM BO-
JIOKHe siBisieTcss ypaBHeHue Jlakirmanana—ITopce-
3unaHa—/lpHuens [1—5]. B naHHOI cTaThe paccMmar-
puBaetrcsa ypaBHeHue JlakimmvmanaHa—Ilopce3snana—
JsHueis B BUE, IPEMIOXKEHHOM B padote [6]:

i, +iaq e + b +lg’ g =
= o(q,)’7 +Bla| ¢+ V|d]’ g + A0'T +d[* 0.

Crenys pabore [6], Oymem uckath perreHus (1),
HCIIOJIb3YSI IEpEMEHHbBIE OeTyIleil BOJTHBIL:

(1)

q(x,1) = p(z)e TN, )

roe z = x —vi.

IMoncranoBka (2) B (1) mpuBonurt (1) K omHOpOI-
HoMy nuddepeHnaIbHOMY YpaBHEHUIO, IS Aeii-
CTBUTEJIbHOW U MHUMOI 4aCTU KOTOPOTO UMEEM

by + (Bak — 6bK)y" — (Y + M)y’ y" —
— (o + By’ + (oK' —ax’ — w)y + (3)
e+ @—Bry+ Ml -8y =0

(a—4bx)y" + (4b’ = 3ax’ —v)y' + @
+2k(o+ Y — MY’y = 0.

Cucrema ypaBHeHuid (3) u (4) sBisieTcs mepe-
OIpeaeeHHO! U UMEET pellleHUs TOJILKO ToTaa, KO-
raa seisiercs coBMecTHO. COBMECTHOCTb CUCTEMBbI
nuddepeHIMATbHBIX YPAaBHEHUI MOXET OBITh MOy~
yeHa HeCKOJIbKMMU crnocobamu. Tak, B pabote [6]
K02 (UIIMEHTH B YpaBHeHUU (4) IMOJAraroTcs paB-
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HeIMM Hymio. Torma ypaBHeHme (4) TOXIECTBEHHO
BBIMIOJIHSIETCSI TIPU JII0OOM pelieHUu y(Z) ypaBHe-
Hus (3), ¥ cucTeMa sIBJsieTCsl COBMeCTHOI. B naHHOI
pabore OyIeT moKa3aHo, YTO cucTeMa ypaBHeHu (3)
1 (4) momycKaeT Takxke APYroe yCJaoBUe COBMECTHO-
CTH, UCIIOJIb30BaHME KOTOPOTO IMO3BOJISIET IMTOTYYUTh
Ipyrue TOYHbIe pemeHus ypaBHeHUs (1).

2. YCJIOBUE COBMECTHOCTH
JJIA CUCTEMBI (3), (4)

Beenem B (3) u (4) 0003HaAUEHUS:

p= %(61)18 ~3ax), p, = %(v + ),

=L +B). pi=L@+ax - b,

Ds =—i[6+(0c—B+Y+?»)K2], Ds =g,
_ 2K+ y-2) _4b’ —3ax’ —v
T abk-a 4bk—a

Torna cucremy (3), (4) MOXHO 3amKUcaTh B BUIIE

"

" " |2
Y= pyt + py Y+ pyy + py + psy + pey’s (6)
Y= pyty + pey (7)
W3 (7), nnddepeHumpys, moiaydyaeM paBEHCTBO
Ll)_[;[ y””:

2 2 . "
y©U=2pyyT + oy Tyt + peyt. (@)
Muterpupys (7), ojiydaeM paBeHCTBO IS p'':

Y= %f + pgy + C,. )

YMHOXas ypaBHeHUE Ha y' 1 uHTerpupys (9) eie
pas, uMeeM

) = %f‘ + py’ +2Cy +2C,.
IMTockonbky BeipaxkeHue (10) mmosxyyeHo MHTETpU-
poBaHueM BbipaxeHus (7), pemenue (10) ssasieTcs
takxke pemieHueM (7), (9) u (8). [TorpedyemM, 4TOOBI
pemieHue (10) Takke SBISIIOCH peuieHueMm (6), TO
ecTb 4T00bI cucTeMa (6) u (7) 6buTa coBMecTHa. Torma
MPOM3BOJIHbBIE NIEPBOTO, BTOPOTO U YETBEPTOTO MOPSII-
KOB, BxonsIue B (6), TOMKHBI YIOBIETBOPSITH BbIpa-
xeHusM (8), (9) u (10). ITomcraBus (8), (9) 1 (10) B (6),
MoJlyyaeM YCIOBHE COBMECTHOCTHU CUCTEMBI:

(10)

Py + Py + Py’ +Py+ P =0,
OTKyJa, Ipu y(z) # const,

B = 0’ l: 1,2,...,5, (11)
e
1 2 2.1
P =ps+- - pi +=p3py,
5 = De 3[72[77 3177 61’31’7
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10 1
P, = pyps _?Pﬂ’g + ps + p3pg t+ §P1P7,
P, =C(py +2p; —5p;),

(12)

P, =2p,Cy —4p,Cy + pips — s + pas
P = C1(P1 - 1’8)-

bynem ucnons3oBath yciaoBus (11) giast moctpoe-
HUSI TOYHBIX PEeIICHMIA.

3. TOYHbLIE PEIIEHWA YPABHEHMUA (1)

B mpenpinymiem pasneiie ObUIM ITOIYYEeHBI YCIO-
Bus (11), Tpu BBIMOJIHEHUU KOTOPBIX pellieHue y(z) #
# const ypaBHeHus (10) sBasieTcs pelieHUEM CUCTE-
MbI (6), (7). B ypaBHenuu (10) mpUCYyTCTBYIOT IBE
Mpou3BoOJIbHbIEe MTOCTOsIHHBIE C; U C,, MOJIYYEHHbIE B
pesynbTaTe uHTerpupoBaHus ypaBHeHus (7). Ilo-

CKOJIbKY 3HaU€HME IMOCTOSTHHOM C) BIMSET KaK Ha pe-
meHue ypaBHeHus (10), Tak ¥ Ha yCJIOBUSI COBMECT-
HocTH (11), majgee pacCMOTPUM IBa OTAEIBHBIX CITy-

yas: cinydail C; = 0 u ciryyvaii C, # 0.

3.1. Cayuaii C; = 0 8 ypasnenuu (10)
ITpu C, =0 u3 (11) u (12) nony4yaem

1 2 51
Po= p+=pop —Zp; +=pip; =0, (13)

3 3 6

10 1
P, = pyps —— p:ps + ps + p3ps + §p1p7 =0, (14)

3
P, =2pC, —4p,Cy+ pips — ps + py =0. (15)

M3 (13) c yuetoM (5) HaXooMM 3HaAYEHUE K:

3 a(y/ k" +968b + 1*)
A +968b + K* FA(Y + o= N))

K (16)

rae
K*=B+a+2y+ 2\

N3 (14) u (15) ¢ yuerom (5) HaxoaUM 3HAYEHUS V
n @:

v =[-326"3B — o — Y+ M)k’ +
+24ab(3P + 20K —124°B + o + YK +

17
+ 3c(4bK — a)*][-4b(3B — 20t — 2y + SA)K + a

+3aB+o+7+M]

o2 3262k +a)’ +v[(bk —a)’ +a’ +4b%]
4b(4bx — a)2 (18)
_2C[4b(B — v+ Mk — a(0. + B)]
4bx —a
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ITpu C, = 0 u3 (10) umeem:

0 = %y“ + pgy’ +2C,. (19)

CnaemaeM npeobpa3oBaHue 7 — lz', TOrga
m

) - LGP =07 -y =0, (20)
6m
rae
. \/y* s \/y*z ~24C,(4bx —la)’
K(y+o—RA) QI
B IR _24C,(4bx — a),
3 %) \/y \/y —K('Y+0C—7L),
nu
« _ 3v +9ax’ —12b%’
2x(y+ o —2A)
Pemenue ypaBHenus (20) umeeT BuA
Wz') = BY(2), (22)

rae Y(z) — anmunTudeckuii KocuHyc Jkoou, siBisio-
LIMICS pelleHUEM YPaBHEHUS

=(1- -85+ )
) =(1-Y)(1-S"+577) (23)
M3 (20) u (22) umeeM:
2 2 2
> _Bpy2 y 2 Yy
xo = JJ(Y ‘E‘J(Y B—J
OTKyZda U3 cpaBHeHUs ¢ (23) monydyaeM
S2 — B2p7 .
6m’
2, 2
2 i+ ).
28  —1=— 7\J)1 2y2)’
6m
2.2
S2 -1 :_p7y1y2.
6B°m’

ITyctb yl2 > y22, Toraa

2
B=zty, m= 1/—&(yl2 -y), S= 1/%
6 =0

Pemienue ypaBHeHus (19) c yuerom (5) u mpeodpaso-

BaHUA 7 — lz' UMEET BUJL
m

¥(z) = tyen {(z - zo)\/—2];(((3:;711;)7”)(y12 - )

2

N
2 2(
=0

(24)
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N3 (2) nonyyaem pewrerue (1) npu C,=0uC, #0:

g(x,1) = £y T %
20+ y—A), 2 5
X vt —x,) [~ERETVE A G2 2y (25
cn{(x v xo>J e 0T TV 29
2
pd }
2 2(?
N =0

TA€ y, U y, ONPEIeNIeHbl B COOTBETCTBUM C BbIpaxe-
HusgMu (21) yepe3 nmapaMeTphl UICXOOHOTO ypaBHE-
Hus (1) 1 IpOU3BOJIBHYIO KOHCTaHTY C,, a mapaMeT-
pbl X, Vv, @ ONpEAeISIoTCS Yepe3 napameTpbl uc-
xogHoro ypaBHeHMss (1) B COOTBETCTBUM C
BeIpaxeHusimu (16), (17), (18).

ITpu C, = 0 peuieHue (24) BbIpoXIaeTCs B yenu-
HEHHYIO BOJIHY:

2 3
WD) = \/3v +9ax’ ~12b%°
K(y+o—A)

3 >
xch™ {1/—(4[)1(4;]3‘1]2 —Yz - Zo)},

u pemeHueM (1) oymer

d(x1) = ¢ 0000 3V +9ak” —12bi”
K(y+o—A)

3 2
xch™ {1/%@ —vt— xo)},

e K, v, O HaXOAsITCSl Yepe3 MmapaMmeTpbl UCXOAHOTO
ypaBHeHUs (1) B COOTBETCTBUU C BEIpakeHHSIMH (16),
(17), (18).

(26)

3.2. Cayuaii C; # 0 6 ypasnenuu (10)

Mycte C, # 0, TOorna napameTp K JOJXKEH OHO-
BPEMEHHO oOpaluaTh B Hy/1b KoadbuuyeHTs! P u P;.
IMoncrasus (5) B (12), 3 B = 0 nmonydyaem

o A@BF2o+y+d) 7)
2b(4B — o =3y + 7A)
Peurenue (27) D0KHO yAOBIETBOPSITh TaKXKe ypaB-

HeHuto P, = 0. [loncrasus (27) B BeIpakeHue 1 P,
TToJIyJdaeM JIBa BapMaHTa OTpaHWYeHUI Ha KO3 pu-
LIMEHTHI ypaBHeHUs (1):

Y+o—A=0; (28)

1
- — v — + 200+ v+ M) 29
b B+oa—-2y=-20)B+20+y+A). (29)

AHaJIOTUYHO, 3HAYCHUE TTapaMeTpa v TOJKHO 00-
paiarth B HyJIb OMHOBpeMEHHO KoadhduiimeHTs! P, u

P,. Cucrema B, =0, P, = 0 coBMecTHa IIpH yCIOBUU
28)m
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¢ =125a°8*(—28a° — 60p — 3oy + STOA +

+22B% = 53By + TBA + 43y — 34yA — 770 X
X (Y + A+ 200+ 28) (B —o+2y+20) 7 x

x (00— 4B+ 3y —70) "

C yuetoM ycioBusl (28) mojydyaem cieayioliue
3HAYEHUS K U V:

a 03
K=-— =

) V=——7,
4b 8h’

MPY KOTOPHBIX (4) TOXIESCTBEHHO PABHO HYJTIO, M CITO-
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v = —%K(ZOszz —15abx + 3a°). (31)

N3 P, = 0 nosryyaeM 3Ha4eHUE O:
2C,[4bx(B — v+ 1) —a(o + B)] 32)
(4bx —a)

3naveHus napametpos (27), (31) u (32) BmecTe ¢
ycaoBusiMu (29) u (30) o6palaroT B HyJIb Bce KO3(-
¢unmeHTHI (12).

® =K (bK —a) —

Mycts yy, ¥, V3> Y4 — KOPHU nonnzoma 22 ; 7yt +

+pg? + 2Cy + 2C,. C yuetom (27) u (31), p, u pq
PaBHBI

B+ 200+ 7+A
co0 ompeneneHUsT COBMECTHOCTU cucteMsl (3), (4), , =4t =
HMCIIONB30BAaHHBIN B TaHHOUW padoTe, HEIIPUMEHUM. 5b (33)
Ycnosue (28) paccMmatpuBaeTcs B paborte [6]. B aToit ke 3a (2[3 300 — 47+ 60 (2B + 200+ 7+ 7»)
CTaThe BOCIOIb3yeMcs orpaHuueHussmu (29) u (30). Pg = e 4B — 0o —3y+7M)
N3 P, = 0 HaxoOUM 3HAYEHUE V: O003HaYMB
1
L (p_é 1G99G \/_64C2 I ~216C/Cop, +96C, 5 18G i ~ 36Coni !
) =
2 SR 5 2 o P (34)
2 2s,\ p;

AL Yy 5 Yoy V3, V4 TTIOJTYyHdaEM

ylz_f+ _i_%
sp; D7

V3a = N /—s + 3G %
\/EP7 V4

Torna peurenue ypaBHeHus (10) mpu orpaHuye-
HUsIX (29) u (30) MOXXHO BbIpa3UTh Yepe3 JUTUNTHYEC-
ckuii cuayc Axoou [7]:

(35)

y<z>=y1+(y2—yl>{1 07V
=)

Xsn {\/ =y — )z — %)

\/(yl — 9D, - yg)H_l’
0 =y =)
u pemieHueM (1) Oyner

qg(x, 1) = e T (yl +(y, — yl){l 27 )5y
N =V3

xsn’ {%m OG-z (6)

\/(,Vl V) — J@)}]l
D =1)0 — ) ’
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+B)-&,
pr) P

Toe )y, V5> Vi» V4 OIPEHENSIOTCS B COOTBETCTBUU
c(35), (34) u (33) yepe3 mapaMeTphl MCXOTHOIO

ypaBHeHus (1) u nponsBosibHBIE KOHCTaHThI C, U C,.
IMapameTtpsl K, v 11 B (2) ONpeaensitoTcsi B COOTBET-
crBuu ¢ (27), (31) u (32).

4. BAKJIITOYEHHME

B paGote mpencraBiieH albTepHATUBHBINA K UC-
IIOJIb30BAHHOMY B pabore [6] moaxon K HaxXOXKIEHUIO
peurenuit ypasHeHus JlakimmanaHa—ITopce3nana—
[sHuels B BUIE MJI0CKON MOHOXPOMAaTUUECKOIT BOJI-
HBbI ¢ orubalolleit, 3aBUCSIIEH OT IIepeMeHHOM Oery-
et BojHbL. [loka3zaHo, UTO TaKue pelIeHUs Cylle-
cTBy10T I1pu ycnoBuwm (11). C ydeToM 3TOro yCiaoBUs
ObLIM HalineHbl pemenus (25), (36) B BAIE IUIOCKOiT
MOHOXPOMAaTHUUYECKOI BOJIHBI C orubarmlieii B Buie
MEePUOINYECKON BOJHBI U YCIOBUSI UX CYIIECTBOBA-
Hus. Pemienue (25) npu C, = 0 BeIpoXAaeTcsl B pe-
menre (26) B BUIE IUIOCKOIT MOHOXpOMATHUYECKOit
BOJIHBI ¢ orubaroliieii B Bujae yenuHeHHOM BOJIHBI.

CIITMCOK JITUTEPATYPBHI

1. Algahtani R.T., Babatin M. M., Biswas A., Bright optical
solitons for Lakshmanan—Porsezian—Daniel model by

semi-inverse variational principle, Optik. 2018. V. 154.
P. 109-114.

Tom 10 Ne3 2021



264

2.

BAMPAMYKOB u 1p.

Biswas A., Ekici M., Sonmezoglu A., Triki H., Majid EB.,
Zhou Q., Moshokoa S.P., Mirzazadeh M., Belic M., Op-
tical solitons with Lakshmanan—Porsezian—Daniel
model using a couple of integration schemes, Optik.
2018. V. 158. P. 705—711.

Biswas A., Yildirim Y., Yasar E., Zhou Q., Moshokoa S.P,
Belic M., Optical solitons for Lakshmanan—Porsezian—
Daniel model by modified simple equation method,
Optik. 2018. V. 160. P. 24—32.

Jawad A.J.M., Abu-AlShaeer M.J., Biswas A., Zhou Q.,
Moshokoa S., Belic M., Optical solitons to Lakshman-
an—Porsezian—Daniel model for three nonlinear
forms, Optik. 2018. V. 160. P. 197—202.

5. Bansal A., Biswas A., Triki H., Zhou Q., Moshokoa S.P.,,

Belic M., Optical solitons and group invariant solutions
to Lakshmanan—Porsezian—Daniel model in optical
fibers and PCF, Optik. 2018. V. 160. P. 86—91.

. Zayed EM.E., Alngar M.E.M., Biswas A., Yildirnm Y.,

Guggilla P., Khan S., Alzahrani A.K., Belic M.R., Cu-
bic—quartic optical soliton perturbation with Laksh-
manan—Porsezian—Daniel model, Optik. 2021. V. 233.
P. 166385.

. Kudryashov N.A., Optical solitons of model with inte-

grable equation for wave packet envelope, Chaos, Soli-
tons & Fractals. 2020. V. 141. P. 110325.

Vestnik Natsional’nogo issledovatel’skogo yadernogo universiteta “MIFI”, 2021, vol. 10, no. 3, pp. 260—264

Exact Solutions of the Lakshmanan—Porsezian—Daniel Equation

A. A. Bayramukov*#, N. A. Kudryashov~*, and A. A. Kutukov**#
¢ National Research Nuclear University MEPhI (Moscow Engineering Physics Institute), Moscow, 115409 Russia
#e-mail: alim.bayr@gmail.com
#o-mail: nakudr@gmail.com
4 o_mail: alexkutuk @gmail.com
Received June 9, 2021; revised June 16, 2021; accepted June 22, 2021

Abstract—The Lakshmanan—Porsezian—Daniel equation, which is used to describe pulse propagation
through optical fibers apart from the nonlinear Schrédiger equation, is considered. Assuming that the Laksh-
manan—Porsezian—Daniel equation holds a solution in the form of a monochromatic wave with an envelope
as a function of the travelling wave variable, this partial differential equation is reduced to the overdetermined
system of two ordinary differential equations for the envelope of the monochromatic wave. The method to
obtain consistency of the ordinary differential equation system, which is different from assuming that coeffi-
cients of one of the equations are zero, is presented. Using the consistency condition obtained, two periodic
solutions for the envelope of the monochromatic wave are derived from the ordinary differential equation sys-
tem. These solutions are expressed in terms of the Jacobi elliptic functions and contain two and three arbitrary
constants, respectively. The existence criteria for these solutions are presented. It is shown that one of the pre-

sented solutions degenerates to a soliton solution for a particular value of one of the arbitrary constants.

Keywords: exact solutions, Lakshmanan—Porsezian—Daniel equation, solitary wave, periodic wave
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