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PaccmarpuBaetcs nuddepeHInaibHOe ypaBHEHUE B YACTHBIX MPOU3BOIHBIX YETBEPTOT'O MOPSIAKA CO CTe-
MEHHBIMU HEJIMHEWHOCTSIMU, UCITOJIb3yeMOe JIJIsl OTIMCAaHUSI PACIIPOCTPAHEHUST BHICOKOIUCIIEPCHBIX UM-
MyJIbCOB B ONTUYECKUX BOJOKHaX. [IpoBeneH IpyImnoBoii aHaIu3 ypaBHEHUsI, &8 UMEHHO TTOJIY4YeHbI TPyTI-
MOBbIE NMpeoOdpa3oBaHusl, OIMycKaeMble U3ydyaeMbIM TUddepeHIalbHBIM YpaBHeHUEM. J1s1 3TOro BbI-
MOJTHEHBI TPY I11ara: MOUCK CUCTEMBbI OINPEAeISIIONIMX YPaBHEHUI, OThICKAaHUE KOOPAWHAT KacaTeIbHOTO
BEKTOPHOTO IT0JISI ¥ TTOCTPOeHUE MH(UHUTE3UMAJIbHBIX OrlepaTopoB. B pesynbraTe HalineHbl 1Ba MHDUHU-
Te3MMAaJIbHBIX OTlepaTopa, MOMyCKaeMbIX M3y4aeMbIM ypaBHEeHUEM. TakuM oO6pa3oM mokKa3aHo, 4TO pac-
CMOTpPEHHOE ypaBHEHWE MHBAapMAHTHO OTHOCUTEIBbHO IPYIINbl MpeoOpa3oBaHUii CIBUTA IO MPOCTPaH-
CTBEHHO# U BpeMeHHOi1 lepeMeHHO. YTO CBUIETENBCTBYET O BO3MOXHOCTU MOHU3UTh Pa3MEPHOCTh MC-
XOIHOTO YpaBHEHMSI B YaCTHBIX TPOU3BOIHBIX, PACCMOTPEB €r0 PEYKIIMIO B TIEPEMEHHBIX OeryIiieil BOJIHBI,
MOJIYYMB IIPU 3TOM OOBIKHOBEHHOE (D depeHIInaTIbHOE YPaBHEHUE.
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1. BBEAEHHE

OnanM 13 3(h¢PEKTUBHBIX ITOAXOMOB MCCIIEIOBA-
HuUs U bepeHIMaTbHbIX YPaBHEHUH SIBJISIETCS TPYII-
nmoBoii aHayin3. OCHOBOI KOTOPOTO SIBJISIETCS PUMe-
HEHUeE JTOKaJIbHBIX IpeoOpa3zoBaHmii rpymmn JIu, mpen-
JIOKEHHBIX HOpBeXcKUM ydyeHbIM Codycom JIu Bo
BTOpOii monoBuHe 19 Beka. CyliecTBYIOT pa3TMYHbIC
MIPWJIOXKEHUST 3TOM TEOPUM IJISI MCCAeaoBaHUs T -
depeHIMANBLHBIX YpaBHeHUM [1—4]. MccneqoBanue
CUMMETPUU TIOMOTaeT CTPOUTh aHAJIUTUYECKUE pe-
meHus1 nuddepeHINaIbHBIX YpaBHEHUI, JIesKaIlIuX
B OCHOBE MaTeMaTHUYeCKUX MOJIEJIeii, BCTpEeUalOIINX~
Csl B pa3JIMYHbBIX 00JIacTsIX 3HaHUM [5—7].

IlepBBIM IIATOM TAaKOTO MCCIAECOOBAHUS SIBIISIETCS
HaxOXIEHUE OIepaTOpOB TPYMII MpeoOpa30BaHMIA,
JoIycKaeMbIx AguddepeHInalIbHbIM ypPaBHECHUEM.
MOXHO pa3fennuTh 3TOT 3TAll UCCIIEIOBAHUSI HA TPU
YaCTU: TIOCTPOCHYE OIPEAC/ISIOIINX YPaBHEHUIA, TT0-
HMICK KOOpAWHAT KacaTeJIbHOTO BEKTOPHOTO IT0JISI, ITO-
JIydeHHUe OOITyCKAaeMbIX MH(MUHUTE3UMATBHBIX OIle-
paTopoB. B naHHOI1 padboTe MPUMEHUM 3TOT ITOIXO.,
IUIST UcclienoBaHusl auddepeHINaTbHOIO ypaBHe-
HUS, OMMCHIBAIOIIETO BLICOKOIUCIIEPCHBIE ONTHYE-
CKUE UMITYJIbCHI.

YpaBHEHME YETBEPTOTO IOpSAKAa C HEIMHEHHO-
CTbIO TPEThEN U MATOM CTENEHU JIJII ONTUCAHUS OTITH -
YeCKMX KMIIYJIbCOB, IMpPEIIOKEHHOE B cTaThbe [8],
nMeeT BUI:

a 2 3 4
i=u(x,t) + o u(x,t) + B~ u(x,t) + —u(x,t) +
ot ox ox x (1)
2 4
+ u|u(x, t)| u(x,r) + v|u(x, t)| u(x,t) =0,

IIe x U { — He3aBUCUMEIE IIepeMeHHBbIe (X — Ipo-
CTpaHCTBEHHasl,  — BpeMeHHasl), u(x,t) — 3aBucumas
TiepeMeHHasl, COOTBETCTBYIOIIIasi BOTHOBOMY Ipodu-
mo, i — MHUMasi eIMHUIA, O, 3, L, V — TapaMeTphl.

Ilenpto maHHOU pabOTHI SBJISIETCS MOCTPOECHUE
MH(UHUTE3UMATBLHBIX OIEPaToOpoOB, MOMYCKAEMBIX
HEJIMHEWMHBIM IuddepeHIInaIbHbIM  ypaBHEHUEM
BbICOKOTO nopsiaka (1).

2. HAXOXIAEHWE NTHOUHUTE3MMAJIbHBIX
OIIEPATOPOB, NOITYCKAEMBIX
YPABHEHUEM (1)

lar 1. ITocTpoeHune onpenesIiOIIAX YPABHEHHIA.

JJ1s XpaTKOCTU 3aIllUCU TepeIuileM paccMaTpu-
BaeMoe ypaBHeHue (1) B ciaemayroiieM Buae
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iu, + oty + P, + Uy, + LL|L{|2 u+ V|u|4 u=0. Q)

BBenem cucremy omHomapamMeTpuyecKux mpeodpa-
30BaHMI C TTApaMETPOM a

%= x+af'(x,t,u) + o(a),
f

=t + a&’(x,t,u) + 0(a),
i =u+an(x,t,u) + o(a),

3

rae il, Ef, T| KOOpAMUHATHI BEKTOpa KacaTeJlbHOIO
BEKTOPHOTO TI0JIS1 TPyMIibl Mpeodpa3oBaHuii. Torna
MHOUHUTE3UMAJILHBIN onepaTtop OyIeT MMETh BHI
[1-4]
x=£9 829,739 )
0x of du
I'pynmel nipeobpa3zoBaHUil, MOIMTyCKaeMbIX ypaB-
HeHHeM (2), CTpPOSTCS C MOMOIIBIO ITPOMOJIKEHUS
oreparopa X 10 YeTBEPTOM MPON3BOTHON. YUNTHIBasI
MPOU3BOJHBIEC, UMEIOIIIMECS B ypaBHEHUU (2), MOy~
yaeM cJeAyluii BUa MpoaoKeHHOro onepaTopa

/}/:X+é2%+gllasxx+énlaua . ()

XXX

0
du

XXXX

+&n

HeiicTBys omepaTopoM 24( Ha MCXOMHOE ypaBHE-
Hue (2), mojlydaeM ypaBHEHUE

i& + 0k, +iBE,, +&, +

6
+ @’ + |u) + vn@uf o +[u") = 0, ©)

SIBJISIIOLLIEECS] OTIPENEIISIOUIUM TIPU YCIOBUU BBITOJ-
HeHUs ypaBHeHUs (2).

BbIpa3suM KOOpIMHATHI MPOJOKEHHOIo Kaca-
TEJBHOTO BEKTOPHOTO mouist &y, &1, &1y» &;11; Yepes

g8, 2

& = D, —u.D, (&) -uD, (&), )
& =DM -u.D (&) -uD, (&), ®)
& = Dy&) —uo D (&) -u, D (€), )

Ein = D.(&) — u D, (gl) — Uy D, (&2)3 (10)
& = DulGir) = e Dy () — e D (€7). (A1)

[MpuHMMasi BO BHUMaHUe, YTO & 3aBUCHT OT X U 7,
1 2
a&, & um 3aBUCAT OT X, 7, U, ¥ TO, UTO

d d d d

D, =i+ux—+uxx—+ux,—+um—+ e
ox Ju du, du, du,,
d ) ) 0 d (12)
D==+uy—+u,—+u,—+u,—+...
ot ou ou, du, ou,,

nojiyyaeM cieaywouve Boipakenus wist &, &,, &,

&1]11 éllll

gl =M.+ ux(nu - éi{) - uyzcgllx - utgi - uxut&ia (13)
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+ (M s — ) + 1My — 3E0) —
— U + U (BN, — 3E00) +
+ (30, —98,) — iy, +
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IMoncrapnss Beipaxkenust (14)—(17) B (6) ¥ yIuTHI-
Basi (2), MOXHO TOJYYUTh CUCTEMY YpaBHEHUI IJIsi

ornpenelIeHnsT KOOpaUuHaT &1, &2, M. U3 xoadpduu-
eHTa Ipu |u|4 HaxoauM, 4to 1 = 0. 13 koabduumeH-

2 _ 2 _
TOB TIPH Uy, Y Uy lh, TTOTYYaEM, 4TO & = 0 E, = 0.
[MoaToMy yiinyT Bce caaraeMbie ¢ MPOM3BOIHBIMU U
10 ¢, KOTOpBIe BOBHUKAIOT OT &), &, u §,;,,,. Cnarae-

MBIE C U, OCTAHYTCS TOJBKO OT &,. 3aMeTUM, 4YTO u,
CBsi3aHa C MPOMU3BOIHBIMU U IO X ypaBHEHUEM (2).

4 o
[MTosTomy 13 K03 duimeHTa npu |u| U, KOTOPHI IO~
2
Jy4aeTcst u3 u,, Haxoaum, 4to &, = 0. A u3 koacddu-
4 o
UEHTa TP |u| uu,, KOTOPBIA TIONy4daeTcs U3 Ui,

1
HaxonuM, uto &, = 0. Takum 06pa3om, ciaaraemoe ¢
U, OCTaJIOCh TOJBKO OT &,,,. Jasee, mpuHUMast BO

1
BHUMaHue M = 0, HaxoouM, uto &, = 0. YuursiBas
3TO, MOJIy4aeM, 4TO CJIara€Moe C U, OCTAETCA TOJIIbKO

1
ot &,, moatomy &, = 0. Takum 0Gpa3oM, cocTasisieM
CUCTEMY IS OTNIpeeIeHUsI KOOPAMHAT KacaTeIbHOro
BEKTOPHOTO I10JIST

&, =0,
& =0,
n=0.

& =0,

& =0, (18)

YpaBHeHue (18) siBisIeTcsl oIpemessomeii cucTe-
MO 111 KOOpAMHAT KacaTeJIbHOTO BEKTOPHOTO MOJIs.

[lar 2. OmnpexaejieHne KOOPAMHAT KACATEIbHOTO
BEKTOPHOTO MOJIs.

Pemas cucremy onpenensiomux ypaBHeHuit (18)
MOJIy4aeM, YTO KOOPAMHAThI KacaTeJIbHOTO BEKTOP-
HOTO IOJISI HE 3aBUCST OT X, f, U U UMEIOT ClIeIyIO-
W BUL

gl = Cl’ &2 = C29 n = 09

rae C, u C, IOCTOSTHHBIE MHTETPUPOBAHMUS.

Iar 3. ITocTpoenne uHGUHUTEZUMAJIBHBIX OMepa-
TOPOB, I0MYCKAEMbIX ypaBHeHHEM (2).

(19)

IMonaras B (19) C, =1uC, =0,a3ateMC;, =0u
C, =1, nonyyaeM aBa orneparopa
= i, X, = Q (20)
0x ot

DT onepaTopbl MOKAa3bIBAIOT, YTO ypaBHeHUE (2)
JIOMyCKaeT rpyMIibl Mpeo0pa3oBaHUii cCABUTa MO X U
mio ¢. [TockonbKy peliast ypaBHeHus JIu ¢ koopauHa-
TaMH, COOTBETCTBYIOLIMMM OIepaTopy X,

dx _ v

o x|a=0 - X

da
TTOJIy4aeM IpyIIy ITpeoOpa3soBaHUA CABATA IT0 X

X

(21)

X=x+a, =t U=u (22)
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AHaJIOTMYHO, UCIOJb3YsI KOOPAMHATHI, COOTBET-
CTBYIOLLIME omNepaTtopy X,, MoJjlyyaeM rpyIrmny Mnpeoo-
pPa3oBaHMiA ciBUTA 10 ¢

X=x, f=t+a @d=u (23)

3aMeTuM, YTO ypaBHeHHEe (2) TakKKe IOIIyCKaeT

OTIepaTOPHI COCTABIIEHHBIE U3 CYMMBI X; 1 X, , YMHO-
JKeHHBIX Ha 4yrcia. [1o3ToMy momyckaeTcs oriepaTtop

(24)

Pewrast ypaBHeHue dx = cydt, moay4yaeM UHBAPUAHT
(25)

Hanuuue wHBapuaHTOB (25) CBUIOETEIBCTBYET O
TOM, YTO MCXOTHOE YPaBHEHME B YaCTHBIX IIPOU3BO/ -
HBIX UMEET pellIeHNE B ITIePEMEHHBIX OETyIIeil BOJTHDI:
u(x,t) = v(z), z = x — ¢yt . IIpu 3TOM NIEPEXOS K HO-
BOI NEPEMEHHON 7 = X — ¢yf , UCXOOHOE YPAaBHEHUE B
YaCTHBIX MPOU3BOIHBIX MPeoOdpaszyeTcsl K OObIKHOBEH-
HoMy nuddepeHIaTIbHOMY YpaBHEHIIO. ToYHBIE pe-
LIEHUS ypaBHEeHMS (2) B IepEeMEHHBIX OeryIiei Bo-
HbI IOCTPOEHBKI B cTaThbe [9].

I = x—cyt

3. BAKJIIOYEHUE

PaccMoTpeHo HenuHeilHoe nuddepeHaabHOe
ypaBHEHME B YACTHBIX IIPOU3BOIHBIX YETBEPTOIO IO~
psiIKa, KOTOPOE MCIIONB3YEeTCS IJIsl OIMCAaHMsS pac-
MMPpOCTpaHCHUA HMITYJIbCOB B OIITUYECKUX CpEaax.
st 3TOTO ypaBHEHMS BBIIIOJIHEH TPYIIIIOBOII aHa-
3. [TomydaeHbl 1Ba THOUHUTE3MMAJIBHBIX OIIEPaTO-
pa, IOOMyCKaeMbIX PacCMOTPEHHBIM YpaBHEHUEM.
DTU omepaTopbl COOTBETCTBYIOT IpymnIamM IIipeoopa-
30BaHMs CIBHUIA 110 IIPOCTPAHCTBEHHOM M BpPEeMEH-
HOM TEpEMEHHBIM.
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Abstract—The fourth-order partial differential equation with power-law nonlinearities is investigated. It is
used to describe the propagation of highly dispersed pulses in optical fibers. A group analysis of this equation
is performed and the group transformations allowed by the differential equation are constructed in three steps.
In the first step, a system of governing equations is obtained. In the second step, the coordinates of a tangent
vector field are sought for. In the third step, infinitesimal generators are constructed. As a result, two infini-
tesimal generators allowed by the equation are found. Thus, it is shown that the considered equation is invari-
ant under space and time translations. This indicates that the dimension of the original partial differential
equation can be lowered by considering its reduction in traveling wave variables. As a result, an ordinary dif-

ferential equation is obtained.

Keywords: nonlinear differential equation, group analysis, infinitesimal generator

DOI: 10.1134/S2304487X21050096

REFERENCES

. Ovsyannikov L.V., Gruppovoy analiz differencialnih

uravneniy [Group analysis of differential equations],
Moscow: Nauka Publ., 1978. 400 p.

. Olver P.J., Applications of Lie groups to differential equa-

tions, New York: Springer, 1993.

. Bluman G.W., Kumei S., Symmetries and differential

equations, New York: Springer, 1989.

. Kudryashov N.A., Metody nelineynoy matematicheskoy

fiziki [Methods of nonlinear mathematical physics],
Dolgoprudniy, Intellekt Publ., 2010. 364 p.

. Ghanbari B., Kumar S., Niwas M., Baleanu D., The

Lie symmetry analysis and exact Jacobi elliptic solu-
tions for the Kawahara-KdV type equations, Results in
Physics, 2021, vol. 23, 104006.

. Yasar E., Yildirnm Y., Khalique C.M., Lie symmetry

analysis, conservation laws and exact solutions of the

BECTHUK HAHMOHAJIBHOI'O UCCIIEAOBATEJIBCKOI'O SAEPHOI'O YHUBEPCUTETA “MUDN”

seventh-order time fractional Sawada-Kotera-Ito
equation, Results in Physics, 2016, vol. 6, pp. 322—328.

. Hashemi M.S., Haji-Badali A., Alizadeh F., Inc M.,

Nonclassical Lie symmetry and conservation laws of
the nonlinear time-fractional Korteweg-de Vries equa-
tion, Commun. Theor. Phys., 2021, vol. 73, 095006.

. Kudryashov N.A., Construction of nonlinear equations

for description of propagation pulses in optical fiber,
Optik, 2019, vol. 192, 162964.

. Kudryashov N.A., Safonova D.V., Tochniye resheniya

nelineynogo differencialnogo uravneniya dlya opisaniya
opticheskih impulsov s nelineynostyu tretey i pyatoy stepe-
ni [Exact Solutions of a Nonlinear Differential Equa-
tion with Third and Fifth Degree Nonlinearities for
Description of Optical Pulses], Vestnik NIYaU MIFI,
2020, vol. 9, no. 1, pp. 25—31(in Russian).

Tom 10 Ne 5 2021



