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PaccmaTpuBaeTcs MaTeMaTHdecKast MOJENb [UIsl ONMCAHUS PACTIPOCTPAHEHHUS UMITYJILCOB B HEJIMHEHHOH O11-
THUYECKON cpeze, OomuchiBaeMast 0000meHHbIM ypaBHeHneM Tpuku-bucBaca. 3amada Kommm 3Toro HenmHEHHOTO
YpaBHEHHUS B YaCTHBIX IPOM3BOJHBIX HE PELIAeTCS METOJOM OOpaTHOro MpeoOpa3oBaHUS PACCESIHUS, TO3TOMY
pEIlIeHNE HIIETCS B MEPEeMEHHBIX Oeryieil BosHbl. M3ydaeTcst cucTteMa u3 JIBYX HEIMHEWHBIX nuddepeHnnans-
HBIX YpPaBHEHUH, IOJyUYEHHAas B PE3yJIbTAaTE IPUPABHUBAHUS HYJIIO JEHCTBUTEILHON U MHUMOM YacTel UCXOAHOIO
ypaBuenus. [locie psima npeoOpa3oBaHMi, CBS3aHHBIX C HAXOXKACHHEM MEPBBIX MHTETPATIOB PacCMaTPHBAEMbIX
ypaBHEHHI, CHCTeMa ypaBHEHHH NpeoOpa3yeTcs K HeIMHEHHOMY OOBIKHOBEHHOMY nuddepeHnnaisHoMy ypas-
HEHHIO IEPBOI'0 MopAaKa, pEHICHUE KOTOPOI'0 HE MOXKET OBITh BBIPAXXCHO B O6H_[eM BUIC MPH TOMOIIH 3JIITAIITHYC-
ckux Qysaknuii. [Ipumensiercs meton nmpeoOpa3oBaHMs 3aBUCHMOW W HE3aBHCHMOM MEPEMEHHBIX, C TOMOIIBIO KO-
TOPOTO pelIeHHE paccMaTpUBaeMoro TuQQepeHIHaTbHOr0 YpaBHEHHs! 3alIChIBAETCSl C MCIIOIb30BAHUEM DIUIHII-
TUYECKNX QYHKIMH SIkoOu B HesIBHOM Buze. Mcciemyercst BOpoc CyliecTBOBaHMS BEIPOXKICHHBIX PELICHUH B 3a-
BHUCHMOCTH OT 3Ha4Y€HUH MapameTpoB HUCXOAHOTo nuddepeHnnansHoro ypaBHeHus. [IpuBoIUTCS YacTHBIA CIiTy-
Yal, KOTJa pelieHne NMeeT BH/] yeINHEHHO!H BOJIHBI U TIPEJCTaBIseTCs B HesBHON dopme. [lomydeHHbIe pereHus
B BHJE NEPUOJUUYECKUX W YEIUHEHHBIX BOJH WIUTIOCTPHPYIOTCS MPH Pa3IMYHBIX 3HAYEHHSIX MapaMeTpoB MaTeMa-

THYECKON MOJIEIIH.
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BBEJIEHME

Hns mepenaun mHpOpManuu B COBPEMEHHOM
MHpE HCIIOB3YETCs] ONTUYECKOE BOJIOKHO. BakHo
MPOOJIEeMOM, TIPUBIICKAIONIEH HCCIICIOBATEICH, SIB-
JSETCST MOJAETUPOBAHHE PACHPOCTPAHEHHUS HM-
MyJIbCOB B HEMMHEHHBIX BOJHOBOAAX C LEJBIO IO-
BBIIIEHUS] KadecTBa IMEpeJaBaeMoro CHTHala.
BonpbIIMHCTBO TakuX MaTeMaTHYECKUX MOJeNei
OCHOBaHBI Ha 00OOIICHUSIX HEJIMHEHHOTO ypaBHE-
Hus llpenunrepa ¢ y4eTroM CBOMCTB ONTHYECKOU
cpensl [1-4]. MoXHO BBIIEIUTH U3BECTHBIE MOJIC-
JM, ONHUChIBaeMble ypaBHeHHEeM Tpuku-bucsaca
[5-10], ypaBHenuem Panxaxpumnana-Kynay-Jlak-
mmvanana [11-13], ypaBuennem bucsaca-Apiena
[14-16], ypaBuenuem ®Doxaca-Jlenemica [17, 18].
B nanHO#t pabGoTe paccmaTpuBaercss 0000IIEeHHE
ypaBHeHusi Tpuku-bucpaca, ¢ MOMOIIBIO KOTOPOIro
MOJIEITUPYETCSl paclpocTpaHeHnue (PeMTOCeKyTHBIX
ONTHYECKUX HUMITYJIbCOB B HEIMHEHHON onTHue-
CKOM cpeze. DTO ypaBHEHHE UMEET BUI

iqe — 6Qxx +

d 1
+i2(algl?mg + blglmg) = 0.
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IIpu a = 0 ypaBuenue (1) uMeer BHUJ Ki1accu-
yeckoro ypaBHeHus Tpuku-bucsaca. [Ipu a = 0 u
m =1 ypaBHeHnue (l) mmeer BHI H3BECTHOI'O
ypaBraenus Kayma-Hproamna [19].

INEPBBIE MUHTET'PAJIBI OBOBILIIEHHOI'O
YPABHEHU S TPUKU-BUCBACA
B [IEPEMEHHBIX BET'YII[E BOJIHbI

TouHoe pemenune ypaBHeHus: (1) wmercs B
BHUJIC

q(x,t) = y(2)elW@+0t) 7 — x —C,t. (2)

ITocne nonacranoBku (2) B ypaBHeHue (1) momyuga-

eTcsa OOBIKHOBEHHOE Iu(epeHInanbHoe ypaBHe-
HHE B BUJIE

i(4’m + 1)by4myz - by4m+1q}z -
—ay?™t1ly, +i(2m + Day?™y, —

_isylpzz + 5yt|1§ + COyLIJz -
—yw — Ziayzlpz - iCOyz - 83’22

(3)

0.
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YpaBuenue (3) MOkeT OBITh TIPECTABICHO B BUJIC
CHCTEMBI YPaBHEHUH ITyTeM MPUpPAaBHUBAHUS HYJIIO
JIEHCTBUTEIHFHOM U MHUMOH YacTu ypaBHeHHS (3):

by2n+1lpz + ayn+1¢z + 63’22 -
~(WZ8 +,Co — w)y =0,
2n + 1)by*™y, + (n + Day™y, —
=6y, — 26y,9, — Coy, =0,

rae n = 2m. YpaBHeHue (5) MoxeT OBITh MPOUH-
TErPUPOBAHO 10 Z MOCIe YMHOXeHus Ha Y(z) u
IPEACTaBICHO B BUJIE

4)

(5)

a(n+1)
n+2

n+2

_63721/)2 +
N b(2n + 1)
2(n+1)

C ©)
y2n+2 — 7yZ + Cl =0.
U3 ypaBuenus (6) HaxoauTcs P, U MOACTABIACTCA
B ypaBHEeHHE (4):

—48w — C¢
—6Yzz + 25 7 +
¢t C@Cn+1bp*
§y? 4(n+1)32%6
—Con?b + 2(a* = 2Cob)(n+1) , ., N
2(n+2)%6 )
Coa aCin
+_yn+1 —yn—l _
26 (n+2)6
B (3n+ 2)ab S 4
2n+ D(n+2)6
N Cinb o1 =
(n+1)8

IlepBerit mHTETpan ypaBHeHHS (7) IOJydaeTcs
Mocie ero YMHOXEHHS Ha Y, U MHTErpUPOBAHUS
1o Zz:

g 2

_E}’z - 2

C?> 46w + C?
1 Oy +

268y? 86
Cia n Coa
T+ 2s” T2m+2)0”
C.b
+ 2(n+ 1)6y
—Con?b + 2(a? — 2Cyb)(n + 1)
B 4(n+1D(n+2)%6
ab
T2+ Dn+2)8°
b2
T8+ 126”7

n+2 +

2n _

©)

2n+2 _

3n+2 _

M2+, =0.

BBonsarcs cnemyromue 0003HaUEHUS
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CE 46w + C¢

A=-5 457
26, . 20a
C=% B ar e
Coa
b= G 267
—Cobn? + 2(a? — 2bCy)(n + 1)
2(n+ 1D (n + 2)262 ’
ab
T (n+ D(n+2)82’
b? _bG
Timr D2 T et

Torna ypaBHeHue (8) npeacTaBisieTcs B BUIE

9

G, =

H, =

Ky =

2

A
V7 =)7+By2+C +Ey" +

10
+Fnyn+2 +Gny2n+2 + ( )

+Hny3n+2 + Kny4n+2 + LnyZn.
VYpasuenue (10) 3anucsiBaetcs B popme
y2y; = P(y),#(11)
rae P(y) uMeer mONMMHOMHUATBHYIO HOpMY:
P(y) =A+By*+Cy* +
+Eny7'l+2 + Fnyn+4 + Gny2n+4 +
FH,y3m 4 + Kyttt 4 [ y2nt2,

(12)

Oo6mee pemenne ypaBHeHus (10) MoxeT OBITH 3a-
y dy

IIMCAaHO B BHUJC
J NZoRk (13)

Takoll mHTErpan He yJlaercs BbIPa3UTh NPU MTOMO-
M DJIEMEHTapHbIX (QyHKImA. s moctpoeHwus
peuieHnii MOTYT OBITh HCHOJB30BaHBI CIELUAb-
HBIE METOJBI IS TOTO, YTOOBI BEIPA3HUThH PEIICHHE
B BHUJIE, YA00HOM I TIOCTPOEHHSI C TOMOIIIBIO CH-
CTEM CUMBOJIbHBIX BBIYUCIICHUMN.

Zp.

METO/I HESIBHBIX ®YHKI[MHN
JIJ11 OBOBIEHHOI'O YPABHEHH I
TPUKU-BMUCBACA B ITEPEMEHHbBIX

BEI'VIIEN BOJIHBI

PaccmatpuBaercs cmyuwail, korma C; =0 u
C, =0. Torna A=0,C= 0,E,=0,L,=0. C
Y4eTOM YKa3aHHBIX 3HaYeHHI KOHCTAHT YpaBHEHUE
(10) mpencraBnsercs B BUAE

yZZ — Byz + Fnyn+2 + Gny2n+2 +

+Hny3n+2 + Kny4n+2. (14)

OcymiecTBIseTCs 3aMeHa 3aBUCHMOM TIEPEeMEHHOMN
B BHJIC
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1
y(z) =V(2) n (15)

Torna ypaBuenue (14) Beipaxkaetcs B BUe
V/ BV*+EV3+G,V*+H,V +K,

nZ V2 (16)
Ilocne 3ameHbl HE3aBUCUMON ITEPEMEHHON
Z
zZ=— (17)
nvVB
ypaBHeHHe (16) 3ammchIBaeTCs B BUIIE
VE+ M V3 +R,V2+S,V+T,
VZZ = V2 ’ (18)
Fn Gn Hn KTl
rac Mn = E'Rn = ?,Sn = ?'Tn = ;

Ilycts V4, V,, V3, V, — KOpHU ypaBHEHMS
VE+ M V3 +R,V2+S,V+T,=0. (19)
Tornma ypaBuenwue (18) npexncrasisiercs B BUze
V2V§ =
=W =VW =V)(V=V3)(V—V,).

CornacHo Metony HesBHbIX (yHkumid [21] mpen-
[10JIaraeTcsi, 4ro

V(2) =U(€),§ = @(2). (21)

[ocne noncranoBku (21) B ypaBHenue (20) momy-
YyaeTcsl ypaBHEHUE

UrUZEs =
= U =V)U =V)(U = V3)(U — V).
IlycTs

(20)

(22)

1
&= 7z’

TOrJa ypaBHeHue (22) npeacTaBisieTcs B BUIE

U = (U =V)WU =V)WU =V)U =V,). (24)
Pemenne ypaBHenus (24) BelpaxkaeTcs B BUIE

U@ =

_ V3(Vy = V,) sn?(S(§ — &), k) _

(V1 = Va) sn?(S(§ —&o), k) + V3 — 1y (25)

~ Va(Vy = V3)
(Vi = Vo) sn?(S(§ — &), k) + V3 =1

e

(23)

1
§ =V =V = V),

s =V = V)
(Vl - VS)(VZ - V4-)

u sn(x, k) — smumuntrdeckas GpyHkips SIKkoou.

(26)
k

[IpuanMass Bo BHHMaHue pemieHue (25) wu
ypaBHenue (23), cBsi3b Mexay ¢ U Z BeIpaXkaeTcs B
BUJIC
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F—zy= J_rj U(&) de. (27)

U3 ypaeuenus (27) & B sBHOM BHUJIE HE BBIpaXKaeT-
csl, IOATOMY BBIpaxkeHue (25) u ypaBHenue (27)
3a7ar0T peuieHue ypaBHenus (20) B HessBHOH ¢op-
Me.
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z
Puc. 1. I'papux 3aBucumoctu y(z), 3amaHHON
BeIpakeHusMu (25), (27) u (15), mpu n = 2,

a=-3b=25=-22 n=1,=2
5 400

I'paduk 3aBucumoctu y(Z) crpoutcs (puc. 1) ¢
WCTIOJIb30BaHUEM BhIpaxkeHu (25), (27) u (15).

BbIPOXJIEHHBIE PEILIEHU
OBOBIIEHHOI'O YPABHEHM S
TPUKHU-BMICBACA B ITEPEMEHHBIX
BEI'VII[EN BOJIHBI

PaccmatpuBaercs ciydaii, Koraa B ypaBHEHUH
(18) monmmuaOM (19) MMeeT KpaTHBIE KOPHH. B 3TOM
cilydae HeOOXOAMMO Y4eCTb, YTO 3HAUCHUS KOpHEH
3aBUCAT OT MapaMeTpoB 3aaa4yu. B kaxmom cioydae
MIPOBEPSIETCS, CYMIECTBYIOT JIM Takue MapaMeTphl,
IIPU KOTOPBIX KOpHH nosnrHoMa (19) umeror npen-
nojaraeMyro kpaTtHocTb. Koadduuentsl noauno-
Mma (19) BbIpaxaroTcsi yepe3 mapaMeTphl 3aJaqyu
CIeMyIomuM 00pa3oMm:

—4Cya
M, = 5
(n+2)(46w + C§)
¢ = 4ab
" (n?+3n+2)(4éw + CE)’
b2
T, = ,
" (n+1)2(4w + C3)
R = (4a% — 8bCy)n
T (n+2)2(n+ 1)@sw + C8)
N —2bn2Cy + 4a? — 8bC,
(n+2)2(n+ D(46w + C2)’

(28)
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Torma momydvaercsi cucTeMa ypaBHEHUH U KOp- VIVE =W -VD)2(V -V)(V-V,) (30)
Hell monmnHoMa (19) 1 mapaMeTpoB 3a/1a4M B BHJIE Cucrema (29) B ciyuae V; =V, umeer pemieHus
b2 JUIS. HEHYJICBBIX 3HAYCHWH NapaMeTpoB 3ajiat,
= MOATOMY 3TOT CIy4dai MOJIXOAWT JJIsl TOMCKa pe-
b lsh (n+1)?(48w + ()’ LIEHUN };paBHCHI/IS}II (30). prn HVl =I[V2 3nnMnTHEe—
—ViVoVs = ViV, = ViV3V, — VR V5V, = ckasg (yHkuus Sxo6u B BbIpaxkeHHH (25) BBI-
_ 4ab POKIAETCS B THUIIEPOOTMIECKHI TaHTEHC, W TOJIY-
(n? +3n+ 2)(46w + C2)’ 4aeTcs pelieHue B BUJIE
ViV, + VoV + V1 + uE) =
+VaVy + VVy + V, Vg = (29) _ Bh-V)tanh’(SE-&)
3 (4a* — 8bCy)n N C (V= V) tanh2(S(E — &) + Vs = (31)
 (n+2)2(n+ 1)(4bw + C2) v, (v, —V3)
N —2bn®C, + 4a® — 8b(, (Vy — V) tanh2(S(§ — &) + V5 =V,
(n+2)2(n+ D(48w + C2)’ e
4Cya — -
itletVatle= (n+ 2)(4;(» +C3)’ 5= S V42)W1 VS)' (32)

B To xe Bpems ypaBHenue (27) B ciyuae V; =V,

Cayuaii 1. Ilpennonaraercs, 4T0 ypaBHEHHE npuHIMaeT hopMy

(20) mmeer comamaromme kopau V; =V,. Torma
OHO NMPUHUMAET BUJ

— 2 — —
P f (h — Vi) ranh®(S€ — ) +Va = Va0 (33)

Vs(Vy — V) tanh?(S(€ — &y)) — Vo (V; — V)

Wnterpan B hopmyie (33) BeipaxkaeTcs ¢ MOMOIIBIO AJIEMEHTapHBIX (pyHKINH, mosToMy ypaBHeHue (33) mpu-
HUMaeT Gopmy

=2Vi+V3+V, +4S
Z—2zy=Vi&+1n (e—zs(f—fo) + SRURLRLIRG ) -

V=V,
- _ (34)
—1In (e—ZS(E—fo) + 2 Vs Vi 4S>,
V=V,
rae S 3amaercs kak (32). Takum 06pa3soM, BBIPOXK- b(n+2) a’(n+1)
JICHHOE pellleHHe 0000IEHHOr0 ypaBHeHUs TpuKu- 1= an+1)° - b(n+2)2 37)
BucBaca B mepeMeHHBIX Oeryuieil BOJHBI 3alUCHI- w = 0.
BacTCsl B HEessBHOM BuJe. [IpuHMMas BO BHUMaHKE Merto/ HesBHBIX QYHKIMI TPUMEHSIETCS K ypaBHE-
(opmyuasr (15), (31) u (34), crpost rpapuk 3aBu- o (36). Tlocine 3amensl mepemeHHbIX (21) B
cumoctu y(z) (puc. 2) npu n=2, a = _%7 ypaBHeHuH (36) noiyvaeTcst ypaBHEHUE BUIA
b=SR = 0=16=2 URUEE = (U~ V)", (38)
ITonoxum

Cayuaii 2. [lycts V43 =V, = V3, Torna ypas- 2 _ i (39)

Henue (20) IPUHUMAET BU]L oy
VY2 = (V = V)3V — V). (35) Toraa ypaBaenue (38) mpuHUMaeT BUJ

Oxka3bIBaeTcs, 4TO B 3TOM cilydae cucrema (29) Usz = U -Vv* (40)

HMMeeT pelieHus Toybko npu V; = V,. 1ot ciy4aii

Onno w3 pemeHuii ypaBHeHus (40) npeacraBiset-
OyIeT paccMOTpEH OTAEIHHO.

Csl B BUJIE
Cayuaii 3. Ilycte V, =V, =V; =V,, Torna —1+ V(- &)
ypaBHenue (18) mpuHUMaeT Bu U = f-¢ °. (41)
—$o
ViVE = (V — V% (36) U3 ypasnenus (39) ¢ yuerom (40) nomydaercs 3a-
BHCHUMOCTb

B sTom cnydae pemienue cuctemsl (29) HaxoauTcs

B BUJIE Z—2zo=Vi&—In(§ —&). (42)
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z

Puc. 2. I'paduk 3aBucumoctd y(z) B ciydae

Vi =V,, 3amanHoil BeIpaxkeHusmMu (31), (33) u
448 , 2352 o 6561

_’ b - _7
73 73 5329

-10 10

(15), npun=2,a=—
w=1,0C =2

B aToM citydae ynaercsi HOCTPOHUTH PElICHUE ypaB-
HeHus (36) B siBHOM Buje. M3 cooTHommenui (41) u
(42) moyuaeTcs pereHue:

V(W (=Vye"ré02+20) 4 1)

ve = W (=V,eV1é0=Z+20) ’

(43)

rae W(x) — dyuxuust JlamGepra, koTOpast yaoBie-
TBOpsier ypasHeHnio x = W (x)eW ™. B nanxom
Clydae He YJaeTcsl TMOCTPOUTH JEeHCTBUTENbHbIE
pewenust Y(z), mockoibKy B Beipakenuu (17) ma-
pamerp B mpu ycnoBusix (37) mpuHHMAET TOIBKO
OTpHUIaTeTbHBIC 3HAYCHUSI.

3AKIIIOUEHUE

B nanHO#t pabote paccMaTpuBanioch 0000IIEH-
Hoe ypaBHeHue Tpuku-BucBaca, ommchIBaroIiee
pacrpocTpaneHie (EeMTOCEKYHIHBIX HMITYJIbCOB B
HEJIMHEHMHOM ONTHYECKOM BOJIOKHe. [l 0000-
HnieHHOTO ypaBHeHus Tpuku-bBrucBaca B mepeMeH-
HBIX OeryIiieil BOJIHBI HaWJCHBbI pPEIICHUS, 3aJaH-
HBIC HCSIBHO. PaCCMOTpeHBI BBIPOXKACHHBIC CITy4au.
ITpowsroCTpUpPOBaHbl peUIeHUs] B BUIE NEPUOAU-
YECKUX U YEAWHEHHBIX BOJH.

BJIATOAAPHOCTU

HccnenoBanue BHIMOTHEHO 32 c4eT rpaHTa Poc-
cuiickoro Hay4yHoro ¢ouma (mpoekt Ne 22-11-
00141).
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The mathematical model is considered for describing the propagation of pulses in a nonlinear optical medi-

um, which is described by the generalized Triki-Biswas equation. The Cauchy problem for the nonlinear partial
differential equation under study is not solved by the method of inverse scattering transformation, therefore, a
transition is made to the traveling wave variable. The resulting ordinary differential equation is considered as a
system of two equations for the real and imaginary parts of the original equation. After a series of transformations
related to finding the first integrals of the equations under consideration, the system of equations is transformed to
a nonlinear ordinary differential equation of the first order, the solution of which cannot be expressed in a general
form using elementary functions. The method of transformation of the dependent and independent variables is ap-
plied, with the help of which the solution of the considered differential equation is written using the Jacobi elliptic
functions in an implicit form. We study the question of the existence of degenerate solutions depending on the
values of the parameters of the original differential equation. A degenerate case is presented when the solution has
the form of a solitary wave and is written in an implicit form. The solutions found in the form of periodic and soli-

tary waves are illustrated for various values of the parameters of the model under study.

Keywords: generalized Triki-Biswas equation, exact solutions, optical solitons.
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