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B cratee paccMaTpUBarOTCS CUCTEMBI YDABHEHUWM ABYMEPHOH MEJIKOH BO/IBI HAJl HEPOBHBIM JTHOM KaK B 3i1-
JIEPOBBIX, TAK U B JIATPAHKEBRIX TIEPEMEHHBIX. BBe/iIcHA B paCCMOTPEHUE TTPOMEXKYTOUHAST CUCTEMA YPaB-
HeHui. Ee permeHus oqHOBPEMEHHO SIBJISTIOTCS KaK PEMICHUSIMU CUCTEMBI YPABHEHUN IBYMEPHON METKOM
BOJBI B DUJNCPOBBIX IICPEMEHHEIX, TAK U PEITCHUAMHU B HEIBHOM BUIEC CUCTEMBI YPABHEHUU ABYMEPHOM!
MEJIKOM BOJBI, 3aITMCAHHOMN B JTarpaHXKeBBIX TIEpEeMEHHEBIX. Halimens!l Bce 0a30BBIC TUAPOAMHAMUICCKIE
3aKOHBI COXPAHEHUS TIPOMEXYTOUHOM CUCTEMBI YpaBHEHUHN. ba30oBbIe THIPOIMHAMUYIECKHE 3aKOHBI CO-
XPaHCHUsI ITPOMEXYTOTHOM CMCTEMBI YpaBHEHWM OBIIN TONYICHBI 0€3 UCIIONB30BaHNsI cuMMeTpurid. [Tomy-
YEHA CBA3h MEXY 3aKOHAMY COXPAHCHUS ITPOMEXKYTOUHON CUCTEMEI YPABHEHWI U CUCTEMOU YPaBHEHUU
JBYMEPHON MEJIKOHM BOJIBI, 3aITMCAHHOHN B JIaTPAaHKEBRIX TTIEPEMEHHBIX. ba30BbIE TUAPOIMHAMUIECKUE 3a-
KOHBI COXPAaHEHU TTPOMEXKYTOTHON CUCTEMEBI YpaBHEHMI OBLIN UCTIOIH30BAHEI JJIS TIOCTPOCHUST 0a30BBIX
3aKOHOB COXPAHEHUS TIEPBOTO TIOPSNKA CUCTEMEI YPABHCHUU NBYMEPHON MEIKOU BOIEI B JIATPAHXKEBBIX
TIEPEMEHHEBIX.

Karouesbie caosa: Mmeakas BOIa, SfIJICpOBBI M JIATPAaHXKCBLI IICPCMCHHEIC, 3dKOHEI COXPAHCHM A, HAKPLIBAIO-
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BBEOJEHWE

CyIIeCTBYIOT pasIIHBIC ITOAXOAR! IJISI TOCTPOe-
HHUS 3aKOHOB COXpPAHCHHUSI VPABHECHHIA MaTeMaTHUE-
ckoit m3uku [1—6]. Haubonee IMIMPOKO M3BECTEH
CTI0CO6 TIOCTPOSCHUS 3aKOHOB COXPAHEHIS HA OCHO-
BaHHM TeopeMBl HeTep ¢ MCIIOIE30BaHUEM BApMAIIHA-
OHHEIX CUMMeTpuii [1].

B pa6orax [7, 8] OBUIM OJIYIEHEI THAPOIMHAMM-
YECKHUE 3aKOHBI COXPAHEHMS CUCTEMBI YPaBHEHUM
OJHOMEPHOM MEJIKOM BOJIBI HAJ HEPOBHBIM THOM B
SUIEPOBHIX TIEPEMEHHEIX.,

B macToseii paboTe IMoaydeHE 0a30BBIE 3aKOHE
COXpaHEHUY TEPBOTO MOPIAKA YPABHEHUS MEIKOMN
BOJBI B JIAaTPAHKCBBIX IICPECMCHHBIX, CIIPABCIJIMBBIX
JUIST Beex mpoduuieii gHa, 0e3 MCIIOIB30BAaHUS CUM-
METPUIA.
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OCHOBHBIE YPABHEHUMA

B pabotax [7, 8] Omuia paccMOTpeHa CHCTEMA
YPaBHEHUNA OOHOMEPHON MEJIKOW BOABI HAL HEPOB-
HBIM THOM M OBLIM HAMIEHBI BCE TMAPOAMHAMMUE-
CKHE 3aKOHBI COXPAHECHUS.

B 6e3pa3sMepHBIX IEPEMEHHBIX CUCTEMA ypaBHE-
HUI ABYMEPHON MEIKOM BOIBI HAL HEPOBHEIM JHOM
UMeEET crenyoniuit Bum [9]:

U +ui, +vu, +n, =0,
v, +uv, +vv,+1n, =0, (1)
n +uMm+A)L +vn+ M), =0
3neck A= h(x,y), u=u(x,y,t), v=v(x,y,f) — KOM-

TOHEHTHI CpeaHell Mo TIyOMHE TOPU3OHTANBHOM
CKOPOCTH, M =TN(X,),!) — OTKJIOHEHUE CBOOOTHOMN
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MOBEPXHOCTH, M + A = 0. [Ipodune nHa nmeer BUI
z=—h(x,y).

3anmiieM cucTeMy ypaBHeHuU# (1) B cienyioliem
BUAE:

U +uu, +vu, =—p, +h,
vituv,+vv, =—p, +h, 2)
pt + (pu)x + (pv)y = O

3mecep =m+4,p = 0.

3ameuanue 1. CucteMa ypaBHEHMI (2) aHAIOTUY-
HA CUCTEME YPaBHEHUI ABYMEPHOI ra3oBOil guHAa-
mukn [10, 11] ama monuTpomHoTo rasac y = 2.

BBegeM  HOBBIE TIEpeMEHHBIE a = a(X, y,1),
b = b(x,y,t) M paCCMOTPUM CHCTEMY YPABHEHWI

U +uu, +vu, =—p, +h,
v,tuv, +v,=-p,+h,

a, +ua, +va, =0, 3
b +ub,+vbh, =0,
a.b, —ab, =p.

TpeThe U YeTBEPTOC YPABHEHUS CUCTEMEL YPABHE-
HUl (3) 03HAYAIOT, YTO BBEACHHBIC IEPEMEHHEIE @ U
b ABIISTIOTCS JIATPAHKECBBIMU.

ITocnenHue TpU ypaBHEHMS CUCTEMBI YpaBHE-
HMI (3) MOXXHO 3aITHMCaTh B CIAEAYIOIIEM SKBUBAJIEHT-
HOM BHJIE:

—-a,b, + ha, = pu,
atbx - btax =pv,
axby - aybx =p,

OTKYAA CJIEAYET CIPAaBEIIMBOCTE TPETHETO YpPABHE-
HUSI CUCTEMBI YpaBHEHMI (2).

Cucrema ypaBHEHUIA (3) SIBISIETCS MPOMEXYTOYU-
HO¥ CUCTEMOM YPAaBHEHUN MEXIY CUCTEMAMU YpaB-
HEHUWH ABYMEPHON MEIKOM BOABI, 3AIIMCAHHBIX B 3M-
JIEPOBBIX W JATPAHXKEBBIX IEPEMEHHBIX. E¢ penieHuns
OLHOBPEMEHHO ABJIMIOTCS KAK PEIIEHUAMU CUCTEMBI
ypaBHEHUH (2), TaK M pelIeHUsIMU B HESIBHOM BHUIIE
CHUCTEMBI YPABHEHUM IBYMEPHON MEJIKON BOABL, 3a-
MUCAHHON B TarPAHXKEBBIX TEPEMEHHBIX.

3ameuanue 2. 3aKOH COXpaHEHUSI MACCHI (TPEThE
YPABHEHUE CUCTEMBI YPABHEHUIA (2)) SABISCTCS TPU-
BUAJIBHBIM 3aKOHOM COXPAaHEHUS IJIS1 TPOMEXKYTOY-
HOM CHCTEMBI ypaBHEHUI (3).

3anumeM B CIEAYIOLIEM BHIE CUCTEMY YDaBHE-
HUIl IBYMEPHON MEJKOI BOAHI (2) B JarpaHXKEBBIX
TMEPEMEHHBIX:
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XaV5 — XiVa
~ _)’5~~5 + jﬁN"
gip = - TP 4)
XaVi — X&Ya

P(xa; — %59 =1
CIIpaBeLINBO CIEAYIOIIEE MPELTIOKEHIE.

Mpennoxkenne 1. Braumro-00noznaurnoe coomeen-
cmeue mexcoy peleruamu cucmem ypasieruil (3) u (4)
daemcs COOMHOUEHUAMU

u:jfa V:j}f’ p:I57
x=X y=jJ (=1, (5
a=a b=bh

3ameuanne 3. [IpoMexxyTouHAsI CUCTEMA ypaBHE-
HUI (3) ABASIETCS HAKPHIBAKOLICH CUCTEMOI ypaBHE-
Huit [3] Wist cucTeMbl ypaBHEHMI (2).

Huzxe, it cokpalueHus 3a1Ucy, B CACTEME YpaB-
HEHUI (4) He OYAET UCTIOIB30BATECS 3HAK TWIBIA.

CBA3b MEXIY 3AKOHAMU COXPAHEHUA
MPOMEXYTOYHOM CUCTEMBI
VYPABHEHUWU U 3AKOHAMUW COXPAHEHUA
CHUCTEM YPABHEHUI MEJIKOW BOJbI
B DUJIEPOBBIX U JIATPAHXKXEBBIX
MEPEMEHHBIX

[Ton 3axoHaMU COXPAHEHWS MMPOMEXYTOUHOM CH-
CTeMBl ypaBHeHUIl (3) OyaeM MNOHMMATH TPOUKHU
dyukmit (P, Q, R), IS KOTOPHIX HA PEIIEHUSIX CH-
CTEMBI YPABHEHUH (3) BEITOJTHEHO COOTHOLICHUE

D.(P)+ D,(Q) + D(R) = 0. (6)

3meck P, Q, R — rmagkue (pyHKIIMHA OT HE3aBUCHUMBIX
¥ 3aBUCUMBIX IIEPEMEHHEIX M X IIPOU3BOAHEIX,

d d d d d d

D =—+a —+b —tu —+v,—+p,—+..,
ox da db u v ap
d d d d d d
D =2+a,>+b>+u,~+v,—+p,—+..,
T T AR VP
Dt:Q+ati+bti+uti+vti+p,i+...
ot da b u v ap

— oIepaTopsl MOJIHOTO AM(MEGEPEHIIMPOBAHNS B TIe-
DEMEHHBIX X, ¥, f COOTBETCTBEHHO. [Topsakom 3aKko-
Ha COXpaHEHUs OYAEM HA3BIBATh MAKCUMABHEIN MO-
PSITOK TIPOM3BOMHEIX, BXOAIIINX B hyHKIMu P, (),
R. 3aKOHBI COXpaHEHUs HYJCBOTO MOpsAKa Oymem
HA3HBATh TUAPOOUHAMWYECKUMU.  AHAJOTHIHO
OIIpeNesTIoTCs. 3aKOHBI coxpanenust (P, O, R) cu-
CTEMBI ypaBHEHUIN (4), ISl KOTOPBIX HA PELICHUIX
CUCTEMBI YPABHECHUI (4) BEIMOJHEHO COOTHOILIEHUE

D,(P)+ Dy(Q)+ D,(R) = 0.
Ne 3
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3meck P, O, R — mamkue hyHKIMHE OT COOTBETCTBY-
JOITNX HE3aBUCHMBIX U 3aBUCHMBIX IEPEMEHHEIX H
WX TIPOM3BOIHEIX;

Da:i+xai+yai+pai+...,
da ox ay ap

5 _ 0 d d d

D=t x, =+ yy—+pp—t ...,

b= 5 Xbax ybay pbap

D,:Q+x,i+y,i+p,i+....

ot ox ay ap

— OoTepaTopsl MOJIHOTO TU(MEOEPEHIIMPOBAHUS B TIE-
PEMEHHEBIX ¢, b, t COOTBETCTBEHHO. T pUBUAIBHEIMA
3aKOHAMH COXpaHeHMsI Oy/IeM Ha3bIBATh 3aKOHBI CO-
XpaHEHHWSI JBYX TWUIMOB (MJIM MX KoMOMHaimu) [2].
TpuBHANTBEHBIM 3aKOHAM TIEPBOTO TUITA COOTBETCTBY-
0T TPOMKH QYHKIIWI, 0Opallatonivecst B Hy/Ib Ha pe-
IIEHUSIX CHCTEMBI YPABHEH W, & TPUBHATBHBIM 3aK0-
HaM BTOPOTO THUIIA COOTBETCTBYIOT TPOIKM (DYHKIIHIA,
JIJTST KOTOPBIX COOTHOIIEHME (6) BEITOJIHEHO TOXKIE-
CTBEHHO.

Ipennoxenue 2. ludpodunamuueckuil 3aKoH CO-
XpaHeHUs NPOMENCYMOUHOU cucmembl ypaguenuil (3) ¢
dynkyusmu P = Pla, b, x, y, 1, u, v, p),
Q=P(a,b,x,y,t,u,v,p), R=Pla,b x,y,t,uv,p) onpe-
Oenisiem 3aK0H COXPAHEHUs NEPBO20 HOPAOKA CUCEMbL YPag-
nenuii (4) ¢ pynxyuamu P = y, P — x,0 + (x5, — X,,)R,
Q = _yaP + xaQ - (xayt - xtya)R’ R= (xayb - xbya)R
¢ yuemom coomnuoutenuii (5). Bepro u oopammnoe.

HokazareabcTtBo. O003HAUMM OTpAaHUYEHUS OTIE-
patopos nomHoro auddepentmposanus D,, D, u D,
Ha CHUCTEMY ypaBHeHMI (4) Kak ﬁa, Db u ﬁ, . OrpaHu-
4YeHUs onepaTopos D, D, u D, Ha TPOMEKYTOUHYIO
cucreMy ypaBHeHuit (3) o6o3HaunM kak D,, D, u D,.

B cuny cooTHotieHu#t (5) 3TH OMEpaTophl CBI3aHBI
CHEAYIOIIIM 00pa3oM

Ex — Vb Da _ Ya Db7
XaVp — XpYa XaVp = XpVy

~ xb A X
D, =- D, + g

XV = XpVa XaVb = XpYa
Et — XY — X D + XeVa = Xaly Db +Dt.
XV = XpVa XaVp = XpYa

Db’

Torga BEIIIOIHEHEI COOTHOIICHUST

D.(P)+ D,(Q)+ D(R) =xyy—bxy
alb — AbVa

LD@,(Q) +
XaVb — XpVa

D) + Mbﬂ([g) +
XaVb — XpVa

D(P) -

_ Lbb(p) _
XoVo — XpVa
xll

+ e
XaVp = XpVa
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+ 22e =2 PRy + D(R) =
XaVp = XpVs
1 A
= ———D.WP — 6,0 + (X — X, Vp)R) +
XaVp — XpVa
+ Dy(=y, P + x,0 — (X, — %Y, )R) +

+ Dt((xayb - xbya)R))’

OTKYAA CJEAYET CIPaBEAJIUBOCTE JOKA3BIBAEMOTO
TMPEMIOXKEHUSI.

CHpaBeIUII/IBO TAKKE IMPCITOKCHUEC

Ipennoxenue 3. Ecau pynxyuu P, Q u R 6 neko-
MOpOM 3AKOHE COXPAHEHUS NPOMENCYMOUHOU CUCMEMbL
ypasrenuii (3) He 3a8uUcAM 0M NEPeMeHHbIX a U b, mo
OHU ONPEOCASIOM 3AKOH COXPAHEHUS CUCTEMbL YPaGHe-
Huil (2). Bce 3aKO0HbL COXPAHEHUs CUCMEMbL YPAGHEHULIL
(2), kpome 3aK0Ha cOXpaneHUs

Di(p) + D.(pu) + D\(pv) = 0,
ROAYHAIOMCA U3 3AKOHOB COXPAHEHUS NPOMENCYMOUHOIL

cucmembl ypasrerulil (3).

OTMETUM, YTO HAXOXKAEHUE THAPOIMHAMUIECKIX
3aKOHOB COXPAaHEHUSI TIPOMEXYTOUHOIl CUCTEMBI
ypaBHeHUI (3) mpoile, 4YeM HaxXOXISHWUE 3aKOHOB
COXpaHEHHUSI TIEPBOTO TIOPSIAKA ypaBHEHUS (4).

BA3OBBIE THIPOAUHAMUYECKUE
3AKOHBI COXPAHEHUSA
MPOMEXYTOYHOM CUCTEMBI
YPABHEHUWM

Cootnotnrenne (6) Ha peIeHUsIX IIPOMEXKYTOUHOM
CUCTEMBI YPABHECHUI (3) IPUHUMAET BULL

(B, —uR, ~ pR)u, +(Q, —vRu, +
T (B —uR W, +(Q, VR, — RV, +
+ (B, R, —uR)p, +(Qy — R —vR)p, +
(P, —uR)a, +(Q, -~ vR,)a, +

buty P (@ — VR +

+hR,+hR +P +0,+R =0.
ITpupaBHMBast K HYI10 KO3(D@OUIINEHTHI TIPH TIPO-
W3BOIHBIX, TIOJYYUM CJEAYIOIIYIO TIEPEOTIPENEIEH-
HYIO CUCTEMY JIMHENHBIX YPABHECHU
I)u - uRu - pRp = 07
Qu - VRu = 07
P, —uR, =0,
QV - VRV - pRp = O’
B =R, ~uR, =0,
O, -~ R -VvR, =0,
Pa - URa = 07

+ (B, —uRy)b, +

(7
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Qa_VRa :O’
F, —uR, =0,
Oy —VvR, =0,

hR,+hR +P +0,+R =0

INepeomnpeneneHHass cucremMa ypaBHeHuWil (7) Oblia
WCCIEN0BAHA HA COBMECTHOCTb.

Haiimem 0a30BBIE THAPOOAMHAMUYECKIE 3aKOHEI
COXPAHECHUS CUCTEMBI YPABHEHUIA (3), 3aBUCSIIUE OT
dbyskumMuy 4 = A(x,y) ¥ €€ TPOU3BOAHBIX, U CITPABE/ -
JIMBEIE TIPY JIIO00M TIpoire 1HA.

Ipennoxenue 4. IIpomexncymournas cucmema ypag-
Henuil (3) obaadaem o0HuM 6a308biM 2UOpOOUHAMUYE-
CKUM 3AKOHOM COXPAHEHU

2
Pl—up( +p h)

2
Ql—Vp( +p h) ®)
R=plty o)

2 2

BA3OBBIE 3AKOHBI COXPAHEHUA
IMEPBOI'O ITOPAIKA CUCTEMBI
YPABHEHWU IBYMEPHOW MEJIKOUW BOJFI
B JATPAHXKXEBBIX ITEPEMEHHBIX

VIcIiome3ys TpeyioskeHue 2, HaiineM (hyHKoum P,
Q. R, cooTBeTCTBYIONINE Ga30BOMY 3aKOHY COXpaHe-
HU (8).

IMpennoxenue 5. Cucmema ypasuernuli (4) obnada-
em caedyruum 06a3086iM 3aKOHOM COXPAHEHUS NEPBO20
nopsaoka

~ W _ o
B =0y, — xys) > P s
W
- _(xayt - xtya) 9 p s
< () + Y+ (p — h)
R =(x,y, — xbya)p T > P .
SAKIIFOYEHUE

B paGore OBUIA BBEIEHA B pACCMOTpPEHHUE IIpOME-
JXKYTOUHas cucrema ypaBHeHuit (3). ba3zoBslie ruapo-
JTUHAMWYCCKUE 3aKOHBI COXPAHCHUWS TTPOMEXYTOU-
HOM CHMCTEeMBI YpaBHEHMI OBUIM TIOJYyYEHBI 0€3 Hc-
MOMB30BAHUS CcUMMETpUii. [lOMydeHHBIE 3aKOHBI
COXpaHEHHsI OBLIHM MCITOJIB30BAHEI IS HAXOXKASHUSI
0a30BBIX 3aKOHOB COXpAaHEHHUSI TIEPBOTO TIOPSIKA CH-
CTEMBI YPABHEHUM MEJIKOM BOJBI B JIATPAHKEBBIX T1E-
PEMEHHEBIX. BBITO TOKA3aHO, UYTO C UCTIONB30BAHUEM
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3aKOHOB COXPAHEHUSA TIPOMEXYTOUHOU CUCTEMEI
YPaBHEHUWIH MOTYT OBITh MOJIyYEHBI THAPOIUHAMMUYIE-
CKME 3aKOHBI COXPAHEHUS CUCTEMBI YPABHEHUMN O -
HOMEPHOM MEJIKOUN BOABI B 3MIEPOBBIX IIEPEMEHHBIX.

PaboTa BBHITIOJTHEHA TIPH YaCTUYHOM (DMHAHCOBOM
noggepxkke rpanta PODOU 18-01-00890 u Ponma
Pa3BUTHS TEOPETUUECKOH (DMBMKM M MaTeMaTUKU
"BA3INC” (ctunenouat K.I1. ApyXKOB).
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Abstract—Systems of equations of two-dimensional shallow water over an uneven bottom have been consid-
ered in both the Eulerian and Lagrangian variables. An intermediate system of equations has been introduced.
Its solutions are simultaneously solutions of the system of equations of two-dimensional shallow water in the
Eulerian variables and implicit solutions of the system of equations of two-dimensional shallow water in the
Lagrangian variables. All basic hydrodynamic conservation laws of the intermediate system of equations have
been found without using symmetries. A relationship has been obtained between the conservation laws of the
intermediate system of equations and the system of equations of two-dimensional shallow water in the La-
grangian variables. The basic hydrodynamic conservation laws of the intermediate system of equations have
been used to construct the basic conservation laws of the first order for the system of equations of two-dimen-

sional shallow water in the Lagrangian variables.

Keywords: shallow water, Eulerian and Lagrangian variables, conservation laws, covering system
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