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PaccmaTpuBaeTcs crielManbHBIN Kiace HENMMHEWHBIX An(¢epeHINaIbHbIX YPaBHEHHH, NMEIOIINX PEIICHUS B
BUJIE€ yeAWHEHHBIX BOJIH. OCHOBHAs 0COOCHHOCTH 3THX ANGQEPEHIINATBHBIX YPAaBHEHUH COCTOUT B TOM, YTO OHH
HMEIOT PeIIeHne Ha KOMIIEKCHON INIOCKOCTH € IIPOM3BOJIEHBIM MOPSAKOM Toffoca. [lokazaHo, 9To MCIIOIh30BaHNE
Moau(uKayu METoAa MPOCTEHININX YPAaBHEHUI IMO3BONISET HAWTH TOYHBIE PEIICHHS B BHUAE YEAWHEHHBIX BOJH.
[TpuBeneHHBINH METOJ UCTIONB3YETCS ATl MOMYIECHUS CTAIIMOHAPHBIX YEAUHEHHBIX BOJIH ISl ONMCAaHMS [IPOLIECCOB B
KHUJIKOCTH C Iy3bIpbKaMU ra3a. Takke yKa3aHHBIM METOJ MPUMEHSAETCS AJIS HaXOXKICHUS CTAIl[MOHAPHBIX YEIMHEH-
HBIX BOJIH KOHLIEHTpAIMK OaKTepHii IpH yueTe POoToTaKkcuca.

Knrouesvie crosa: nenuueitHoe nuddepeHnrantbHoe ypaBHEHIE, METO MPOCTCHUIIINX YPaBHCHUH; yeIMHEHHAs

BOJIHA; )KUAKOCTh C IMy3BIPbKAMU Ta3a.
DOI: 10.26583/vestnik.2023.304

BBEJIEHUE

H3BecTHO, 9YTO OJHON M3 BAXXHCHIIINX 3a7a4 Ma-
TEMaTUYECKON (DU3WKU SBIIICTCS MOCTPOCHUE aHa-
JINTUYECKOr0 PEIICHUs] HEeJIMHEMHOW MaremaTuye-
ckoil Mmogenu. B HacTosiiee Bpems pa3paboTke Me-
TOJIOB MOCTPOCHUS PEIICHUH MOCBSIIEHO OOJIBIIOE
KoM4ecTBo paboTr (cMm., Hampumep, [1-18]). K
HauboJsiee TOIyJIAPHBIM METOAaM MOCTPOEHUS pe-
IIEHUH B HACTOSIIEEe BPEMsSI OTHOCATCS METOJ TH-
nepOonmudeckoro TaHreHca, wmerox G'/G-pas-
JIO)KEHUST U METOJl MpOCTeHIuX ypaBHeHuil. Bce
3TH METOBI, KaK U MHOTHE JIPyTHe, 110 CBOEH CYTH
OCHOBaHBbl Ha HCIOJIb30BAHMM YCEUEHHOTO pasio-
JKEHHSI OOIUX pelieHn HelnnHeHHBIX nuddepen-
IUAIBHBIX ypaBHeHHHA. OHAaKO NpU ONMHCAHUH He-
KOTOPBIX (PU3MUECKUX MPOLECCOB BCTPEUAIOTCS
HEJIMHEIHbIE YPAaBHEHUSI B YaCTHBIX MPOU3BOAHBIX
C TPOWM3BOJBHBIM TIOJIIOCOM OOIIETO pEmieHrs Ha
KOMITJIEKCHOM TIocKOCTH. B wactHOCTH, 11 omuca-
HUS HEIMHEHHBIX BOJHOBBIX MPOIECCOB B KUIKOCTH
C Ta30BBIMH ITy3BIPbKAMH TPEUIOKEHO CIEAyIOIIee
ypasuenue [19, 20, 21]

U, + oy, +Pu,,, =auu,, +buu 1)
rac U(X, t) — INIOTHOCTD KUJAKOCTHU C ITY3bIpbKaMH
rasa; o, B, @ — mapaMeTpsl MaTeMaTHYECKOH MO-

JIEH.
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B nanHOI paboTre Takke paccMaTpHUBaeTCs Ma-
TeMaTudecKass MOJIENb JJIA ONMCAaHUsA OaKTeprahb-
HBIX KOJIOHWMIA [22, 23, 24]

o(vVv
Vp + Vg + Vg — 6_8 XXX
X\ v

0,

2)

rae V(X, t) — koHueHTpaius Oakrepuii; & — mapa-
METpP MOJICIIH.

3amaua Komm ans ypaBHenwii (1) u (2) meTto-
JIOM O0OpaTHOro MpPeoOpa30BaHUSI PACCESIHUS HE
HaXOJMTCS, TIO3TOMY OYyJIeM MCKAaTh TOYHbBIE pellie-
HUS 3TUX YPaBHEHUH, MCIIONB3Ys PEAYKIMIO K Oe-
rymei BoHe. 3aMEHUB

ux, ) =y(@), vix,t) =w(z), z=x—Cot, (3)

1ocjae WMHTETPUPOBAHHUA IIOJy4aeM CIIeIyIOIIUe
HelWHeHHbIe OObIKHOBEeHHbIE nnuddepeHnnaIbHbIe
ypaBHECHUS

1 lod
ayy,, +§(b_a)y22 _Byzz _Eyz +C0y—C1 =0, (4)

u
WW,,, — SW,W,, +WW, —Cyw* +C,w=0,

)
rne C, u C, — mpou3BosIbHBIE KOHCTAHTEHI.

B nanHoit pabote pemenust ypaBHeHwui (4) u (5)
HAXOMATCSI C Y4EeTOM JABYX IPOCTBHIX OOBIKHOBEH-
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HBIX JTU(QQepeHInanbHbIX ypaBHeHUH. Perenue
ypaBHEeHUS (4) uieM 1mo popMmyIie

y(2)=w(z)=AP(2)Q(2)", (6)

rae A — mpou3BoJibHAsE KOHCTaHTa; P; — MOJIoC 00-
mero pemenus; P(2) u Q(2) — GyHKITNH, ABIAIOMIN-
ecsi O0IIMMU PEIICHUSMU JIBYX YPaBHEHUH

P(z) =P, @)

Q,=k(Q- Q). @®)

Pemenns ypapaenwnii (7) u (8) Xopomro u3BecT-
HBbI 1 UMCHKOT BU]

P(2) =exp (A (z720))

Q@ =[1+exptk@—z)}]"

ITokaxkeM, dYTO CYILIECTBYIOT CTal[IOHAPHbIE
pemenus ypasHenuii (4) u (5), BelpaxkaeMbie (op-
MyJoii (6).

)
(10)

CTALIMOHAPHBIE PEILIEHU A
YPABHEHUS (4)
Paccmorpum  ypaBHenme (4) mpum  C, =

=Cy=PB=0. B atom ciyuae ypaBHenue (4) npu-
HUMAaEeT BUJ|

(b-a) ,

a 7
5 Y =7V =

2

@Yy + 0, (11
OtmernM, uto ¢yskmmu P(zZ) m Q(zZ) Takxke sB-

JISIFOTCS. PELICHUSIMU YPaBHEHU I

P, =A%P, P, =\'P; (12)

Q,, =k*Q(Q-1(2Q -1,
Q, =k’Q(6Q° —12Q* +7Q - 1).

[oncrasnss (6) B ypaBuenue (11) u npuauMas Bo
BauManue (7), (8), (12) u (13), noxyunm anred-
pandecKue ypaBHCHHS BHIA

(13)

(a+b)p+2a=0,

14
kp—21=0, 2ar®+ap=0. (14

N3 (14) moiyuuM CleAyrollie OTpaHUYCHHUs Ha
napametpbl b, K u a

__ 9P

R S

Y (15)

B cnydae BemonHeHus ycnosuit (15) momydaem
pewenue ypaBHenus (11) B Buge
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Ae}\.Z
22\
l+e?

n(z)= (16)

Pemenne (16) sBngercs cTauMoOHapHOW yenu-
HEHHOH BOJIHOM, MOCKOIBKY

Co=0mz=x.

CTALIMOHAPHBIE VEJIMHEHHBIE BOJTHBI
YPABHEHMUS (5)

Paccmorpum ypaBraenue (5) npu C, = 0. Ypas-
HeHHe (5) MOXKHO 3aIncaTh B BHJIE

2
WW,,, — W, W,, +ww, —Cyw" =0.

(17)

Hcronp3yst TOT Ke alropuT™, 4To M paHee, Ha-
XOAMM CIEAYIONIME OTpaHHYECHUs Ha TapaMeTph
ypaBHenus (17)

5:1+3, k:iF, k:i\/z, C,=0. (18)
p p 2

Pemenne ypasuenus (17) Bepaxaercs Gopmy-
R (0)71

(19)

IR

Pemenwue (19) npencrapnser coboi cranmoHap-
HyI0 YEIUHEHHYI0 BOJHY ypaBHeHus (17) npu
Co=0umz=x.

Kracc ypaBHeHHI, K KOTOPHIM PUMEHHUM TIPEJI-
CTaBJICHHBIN B CTaThe METOJI, MMECT CICIHAIHHBIN
Ha0oOp OJHOWICHOB. BakHas OCOOCHHOCTH 3TOTO
KJIacCa YpaBHEHUH — HaJW4Yue B YpaBHEHHH BbBIpa-
JKeHUH BUIa

El =YW, t ay, Ym-1z + byzz Ym-2.2>
d"y
dz"

(20)

Ynz = >

rae M U N — 1eabple Yyucia. Hanmunume Taxkumx OJJHO-
yieHOB B audepeHnraIrHOM YpaBHEHUU MPUBO-
JIUT K PEIICHHUIO C MPOU3BOJIBHBIM MOJIOCHBIM O~
psankoM auddepeHINATEHOTO YPpaBHEHHS, KOTOPOE
HaxXoAuTCaA C IMOMOMIBIO NPCACTABJIICHHOTO BBIIIC
ITOPUTMA.
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3AKJIIOYEHUE

[IpencraBneH MeTox MOCTPOSHUS pEIICHUN He-
JMHEHHBIX OOBIKHOBEHHBIX Au((depeHIHaIbHbIX
ypaBHeHUH. MeTox IeMOHCTpUpYyeTcs Ha mpumepe
JIByX HENMHEHHBIX anuddepeHnnansHBIX ypaBHe-
Huil (4) u (5). Ana ypasHenuii (1) u (2) nomyueHsl
CTallMOHAPHBIC YEAUHCHHBIE BOJIHBI.

OMHAHCHUPOBAHUE

PaboTa BEIMOTHEHA TTpH TTOAAEp)KKe MUHUCTED-
CTBa HayKH W BbICIIEro oOpazoBaHus Poccuiickoit
®enepannn (IPOEKT TOCYIAPCTBEHHOTO 3aJlaHUS
Ne FSWU-2023-0031).
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ABOUT ONE CLASS OF DIFFERENTIAL EQUATIONS
WITH SOLUTIONS IN THE FORM OF SOLITATED WAVES

N.A. Kudryashov'", N.V. Ermolaeva®
! National Research Nuclear University MEPhI (Moscow Engineering Physics Institute), Moscow, 115409, Russia
% \olgodonsk Engineering Technical Institute the branch of National Research Nuclear University MEPhI,
Volgodonsk, Rostov region, 347360, Russia
*e-mail: nakudryashov@mephi.ru

Received November 08, 2023; revised November 19, 2023; accepted November 21, 2023

A special class of nonlinear differential equations with solutions in the form of solitary waves is considered. The
main feature of these differential equations is that they have a solution in the complex plane with an arbitrary pole
order. It is shown that using a modification of the method of simple equations allows one to find exact solutions in
the form of solitary waves. The presented method is used to obtain stationary solitary waves to describe processes in
a liquid with gas bubbles. Also, this method is used to find stationary solitary waves of bacterial concentration when

taking phototaxis into account.

Keywords: nonlinear differential equation; method of simplest equations; solitary wave; liquid with gas bubbles.
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